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Abstract 

Acoustic  propagation  is  treated  for  sound  sources 
in  an  ocean  bounded  from  below  by  stratified  layering.  The 
bounding  layers  of  the  waveguide  may  be  homogeneou s - i so ve I oc  i  t y 
or  inhomogeneous  with  vertical  sound  speed  gradients.  The 
layers  may  be  dissipative  or  nond i s s i pa t  i  ve  .  The  acoustic 
field  is  described  with  a  normal  mode  expansion  and  modal 
attenuation  coefficients  are  calculated  for  low  order  modes 
as  a  function  of  mode  number  and  either  frequency  or  phase 
velocity.  The  theoretical  basis  of  the  calculations  is 
presented  for  multilayer  isovelocity  guides  and  for  multi¬ 
layer  guides  with  index  of  refraction  squared  varying  linearly 
with  depth.  Numerical  results  are  presented  for  the  Pekeris 
model  of  a  fluid  layer  over  a  dissipative  fluid  halfspace. 


A  comparison  is  made  between  various  attenuation  coefficients 
proposed  in  the  literature. 
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Chapter  1-  Introduction 
1 . 1  Problem  context 

Acousticians  involved  with  long  range  sound  propagation  in  the 
ocean  have  classically  neglected  energy  contributions  from  that  por¬ 
tion  of  the  trapped  acoustic  field  which  interacts  with  waveguide 
boundaries.  The  relative  contribution  is  frequently  insignificant 
and  difficult  to  account  for  accurately,  due  to  heterogeneities  in 
the  bottom  layering  and  unknown  attenuation  mechanisms.  In  the  near 
field  and  at  medium  ranges  the  problem  is  compounded  by  contributions 
from  leaky  modes  of  untrapped  waves.  Sound  speed  gradients  and  atten¬ 
uation  in  the  bottom  tend  to  obscure  the  distinction  between  normal 
and  evanescent  contributors  to  the  acoustic  field.  Recently,  however, 
interest  has  renewed  in  these  portions  of  the  field  in  connection  with 
transmission  loss  anomalies  and  with  the  possible  use  of  horizontal 
coherence  and  attenuation  functions  as  tools  for  inferring  bottom  pro¬ 
perties.  It  is  our  purpose  here  to  investigate  theoretically  medal 
propagation  in  deep  ocean  waveguides  to  medium  ranges,  giving  atten¬ 
tion  to  sound  speed  gradients  and  leaking  energy  in  the  problem  form¬ 
ulation.  We  are  particularly  interested  in  those  portions  of  the 
field  which  interact  with  the  bottom  and  the  changing  energy  distri¬ 
bution  of  the  field  with  range.  We  will  calculate  and  compare  modal 
attenuation  coefficients  derived  by  several  authors,  under  varying 
assumptions  and  examine  their  suitability  for  accurately  characteriz¬ 
ing  the  field.  We  indicate  regions  of  the  modal  dispersion  curves 
within  which  these  formulae  are  useful  for  parameter  estimation. 

Normal  mode  analysis  is  well  established  in  underwater  acoustics. 
Analytically  it  provides.'a  framework  for  decomposition  of  the  acous¬ 
tic  field  into  additive  components  whose  characteristic  dispersive 
and  attenuative  properties  may  be  investigated  independently.  Em¬ 
pirically  it  provides  a  basis  for  associating  measurable  acoustical 
behaviour  to  parametrically  related  geological  properties.  The  nor¬ 
mal  modes  are  physically  separable  as  spatial  intensity  distributions 
and  for  transient  sources  are  temporally  separable  on  the  basis  of 
their  dispersion.  An  effect  of  accounting  for  energy  not  confined 
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entirely  within  the  water  column  is  to  alter  the  bandwidth  of  modal 
dispersion  curves.  Inclusion  of  waves  with  deeper  penetration  and 
higher  horizontal  phase  velocities  affects  the  relative  energy  dis¬ 
tribution  among  modes  by  allowing  lower  frequencies  in  the  low  order 
modes.  Attenuation  in  the  broader  waveguide  physically  leads  to  "mode 
stripping"  and  causes  relative  energy  distribution  to  be  range  depen¬ 
dent.  The  effects  of  attenuation  on  dispersion  cu.'ves  needs  to  be 
examined  systematically. 

Modal  analysis  leads  to  several  measurable  quantities  with  vary¬ 
ing  degrees  of  sensitivity  to  multilayer  structure.  That  these  mea¬ 
surements  are  realizable  is  ultimately  the  motivation  and  justifica¬ 
tion  for  studying  attenuation  in  a  normal  mode  context.  CW  sources 
with  variable  frequency  may  be  used  to  probe  mode  excitation  func¬ 
tions.  A  vertical  array  designed  to  match  mode  shape  should  be  cap¬ 
able  of  isolating  low  order  modes  when  the  source  depth  and  frequency 
are  variable.  Absolute  sound  pressure  levels  then  can  be  used  to  de¬ 
termine  mode  attenuation  coefficients.  Impulsive  excitation  can  be 
used  advantageously  to  study  the  details  of  dispersive  propagation. 

In  particular,  the  group  velocity  characteristics  of  low  order  modes 
may  be  examined  for  Airy  frequencies,  resonances  and  ant i resonances , 
where  the  relative  minima  and  maxima  are  functions  of  guide  layering. 
Bucker  (ref.  fi  )  has  demonstrated  the  effect  of  significant  atten¬ 
uation  o-f  Airy  phase,  for  the  layer  over  an  attenuating  halfspace 
and  a  pronounced  resonance  may  be  completely  damped.  This  effect 
should  be  observable  in  multilayer  channels  with  gradients  as  well. 

Previous  analysis  of  normal  mode  wave  fields  in  ocean  acous¬ 
tics  is  extensive  (ref.  ^  ,1b,  n  ,  tS  ).  Several  authors 

have  included  energy  aborption  factors  in  their  expression  for  the 
modal  fields.  We  examine  some  of  these  in  detail  in  chapter  4,  where 
modal  attenuation  coefficients  from  the  literature  are  presented  for 
comparison.  Kornhauser  and  Raney  (ref.  )  obtain  an  imaginary 
part  to  horizontal  wavenumber  l^for  the  isovelocity  layer  over  a 
fluid  ha  If space  when  the  wavenumber  in  the  ha  If space  is  made  com¬ 
plex.  Bucker  develops  an  attenuation  coefficient  raising  the  reflec- 
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tion  coefficient  to  a  power  equal  to  the  number  of  bounces  per  unit 
distance  for  a  fluid  layer  over  an  absorbing  halfspace.  Kays  and 
modes  are  related  through  phase  velocity.  Bucker  later  develops  a 
more  rigorous  coefficient  in  his  sum  of  residues  solution  where  the 
ray-mode  analogy  is  used  to  establish  starting  values  of  Ke(K)  and 
lm(K)  in  a  dispersion  equation  he  developed  in  terms  of  generalized 
solutions  U  and  V  to  the  Helmholtz  equation.  Ingenito  writes  a  sol¬ 
ution  in  terms  of  power  ratios  for  water  column  and  bottom  and  later 
another  as  a  perturbation  solution  in  terms  of  the  reflection  coeffic¬ 
ient  at  a  fluid  solid  boundary.  Morris  (ref.  ZU  )  determines  the 

2 

solution  for  complex  N  -linear  layers  where  dissipation  varies  lin¬ 
early  with  depth  in  the  same  proportion  as  sound  speed  squared  does. 
Her  solutions  are  Airy  functions.  In  the  geophysical  literature  we 
have  noted  differences  in  approach  when  restrictions  are  made  to 
either  real  frequency  tu,  real  wavenumber  k,  or  real  group  velocity 
while  satisfying  the  modal  characteristic  equation.  By  requiring 
real  u;  in  what  follows  we  are  consistent  with  the  acoustical  liter¬ 
ature. 

1.2  Overview  of  the  work 

In  our  own  computational  effort  we  have  principally  accompanied 
the  work  of  Brekhovskikh  and  Tolstoy  in  developing  an  algorithm  for 
the  solution  of  several  multilayer  waveguide  prob 1 ems,  norma  1  mode 
decomposition  is  used.  We  are  concerned  with  underwater  acoustic 
propagation  for  ranges  long  enough  that  lateral  wave  portions  of  the 
acoustic  field  are  either  subdominant  with  harmonic  excitation,  or 
temporally  separable  for  pulsed  excitation.  We  are  interested  in 
ranges  short  enough  that  attenuating  modes  still  make  a  significant 
contribution  to  the  field.  For  closer  ranges  additional  analysis 
must  be  included  and  we  have  examined  briefly  the  characteristics  of 
leaky  modes  observable  at  close  range. 

We  indicate  below  analytical  results  for  a  series  of  waveguides 
of  interest.  We  have  chosen  several  layering  models  which  cover  a 
wide  range  of  expected  physical  environments,  (see  figure  1.1) 
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Model  1  has  isovelocity  liquid  layering  with  constant  density  within 
each  layer.  It  has  been  our  principal  concern  in  this  study.  We 
have  analyzed  the  dissipative  Pekeris  model  extensively  (model  I  with 
layer  2  an  absorbing  halfspace),  preliminary,  and  as  a  basis  for  the 
more  complicated  models.  Dispersion  solutions  using  real  frequency 
and  complex  wavenumber  are  presented  for  a  variety  of  layer  thick¬ 
ness,  impedance  contrasts  and  halfspace  absorption.  These  solutions 
are  based  on  existing  theory  (Brekhovski kh) ,  explicitly  expressed 
here  in  terms  of  complex  sound  speed  and  complex  incidence  angle. 
Analytic  results  for  other  nrodels  are  also  developed  in  the  appen¬ 
dices.  Model  2A  has  an  isovelocity  ocean  overlaYin^a  liquid  bottom 
halfspace  with  index  of  refraction  N  varying  as  the  square  root  of 
depth  in  the  halfspace  ("N  -linear  layering").  Model  2B  allows  a 

sound  speed  discontinuity  at  the  interface  in  Model  2A.  Model  3 
2 

has  multi  N  -linear  layering  throughout  the  waveguide,  with  sound 
speed  discontinuities  permitted  at  all  interfaces.  Density  is  con¬ 
stant  in  each  layer.  Model  4  has  arbitrary  continuous  sound  speed 
variation  permitted  within  each  layer.  Velocity  and  density  discon¬ 
tinuities  are  permitted  at  the  interfaces.  The  field  in  Model  4  is 
described  using  the  WKB  approximation  within  each  layer,  thus  the  mo¬ 
del  is  a  "piecewise  WKB  approximation".  Model  4  is  expected  to  be  of 
the  greatest  utility.  Analytic  forms  of  Helmholtz  equation  solution, 
normal  impedance,  reflection  coefficient  and  mode  shape  may  be  used 
to  determine  modal  attenuation  characteristics  for  these  models. 

These  forms  are  developed  in  the  nond i ss i pat i ve  and  dissipative  cas¬ 
es  in  Chapters  2,  3,  and  4.  Computational  results  are  presented  in 
Chapter  5  for  model  1  only. 

1.3  Organization  of  the  chapters 

In  chapter  2  we  review  basic  theory  and  make  explicit  the  ex¬ 
tension  to  inhomogeneous  (c*c(z))  layering  of  layer  normal  impedan¬ 
ces,  and  reflection  coefficients,  which  are  usually  left  to  the  read¬ 
er  or  sketched  in  the  classic  texts,  (eq.  ref.  i.  ,  8  )•  These 

quantities  are  later  used  to  develop  modal  characteristics  in  the  form 
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of  algorithms  for  dispersion  curves,  and  mode  shapes.  We  review 
briefly  the  theoretical  basis  of  modal  analysis,  separating  the  un¬ 
damped  scaiar  wave  equation  into  horizontai  x,  vertical  ^  and  temp¬ 
oral  t  dependencies.  Classical  solutions  of  the  Helmholtz  equation 
for  the  velocity  potential  vertical  dependence  are  given. 


1.  isovelocity  layers: 


4Cb')  -  ^ 


k-hor izontal  propagation  constant 


V 

is  the  vertical  component  of  wavenumber. 


In  appendix  2.1  we  find  the  forms 
2 

2.  N  -linear  layers: 


N^(z)-  f-.J3  = 

2 

j  is  the  gradient  of  N  in  the  layer. 

^  is  the  index  of  refraction  at  the  top  of  the  layer, 
is  the  incidence  angle  at =0 

3.  In  the  WKB  approximation  /> 


C; 


Solutions  to  the  Helmholtz  equation  are  seen  to  be  waves  traveling 
up  or  down  (-2  or  +2  direction),  when  account  is  taken  of  the  time 
dependence  exp(-iwt). 

We  next  pose  the  boundary  conditions  for  fluid  layers,  the  cont¬ 
inuity  of  pressure  and  the  vertical  component  of  particie  velocity 

and  define  a  directed  norma)  impedance  I'  of  a  particular 
layer,  at  depth  as  the  ratio  of  for  the  upward  or 

downward  traveling  solution  to  the  Helmholtz  equation,  ((>  t  or  (/)  4  . 

We  review  the  concept  of  plane  wave  coefficient  R  in  continuously 
stratified  media,  and  note  the  forms  of  the  characteristic  equation 
.  (^4  *  I  or 

usually  used  in  solving  for  modal  eigenvalues  of  lossless  model.  R  t" 
and  R^  are  the  upward  and  downward  reflection  coefficients  with  re¬ 
flection  coefficient  phase 

Formulae  for  calculating  R  t  and  r4  are  presented  for  single 
and  multilayer  isovelocity  systems  in  terms  of  normal  impedance. 

In  appendix  2.2  they  are  developed  for  inhomogeneous  layering  systems. 
These  formulae  are  recursive.  For  a  particular  incidence  angle  with¬ 
in  a  turning  point  layer*  they  propagate  the  reflection  coefficient 
upward  or  downward  to  the  source  layer.  The  approach  taken  is  to  re¬ 
late  the  normal  and  input  impedances  on  either  side  of  two  interfaces 
to  the  3  layer  system  input  impedance  and  to  the  thickness  of  the 
middle  layer,  for  isovelocity  layers.  The  recursive  formula  for  the 
reflection  coefficient  for  isovelocity  layers  was  derived  by 
Abaics  (ref.  ^3  )  and  used  extensively  by  Tolstoy.  Using  the 

concept  of  directed  normal  impedance  and  the  relation  2t=-Hr 
which  we  find  to  be  true  for  the  particular  nondissipative  models 
chosen  here,  we  are  able  to  derive  recursive  reflection  coefficient 
formulae  for  inhomogeneous  layerings  analagous  to  Schelkunoff ' s . 

These  formulae  explicitly  include  the  satisfaction  of  boundary  con¬ 
ditions  at  interfaces  required  to  match  intralayer  solutions  to  the 

A  turning  point  layer  is  an  inhomogeneous  layer  in  which  the 
vertical  generalized  wavenumber  goes  to  zero,  or  a  layer  on  whose 
boundary  the  wave  critically  reflects. 


\  4 


Helmholtz  equation.  Brekhovskikh  used  ^  t*  '  24r  to  derive  the  re- 

% 

lation  for  the  special  case  of  isovelocity  layering.  ^ -I4  a'^o 
holds  for  Incidence  angles  less  than  critical  angle  In  nond i ss i pat  1 ve 
isovelocity  layers.  These  recursive  reflection  coefficients  have  the 
forms  shown  below.  In  the  isovelocity  case  u»i+iv 


OL... 


R-IW  fi.a.3  •  H  ^  - 

■  ■■■  -  ■  /  •  w 

1  i. 


where  Rj2»  *^23  reflection  coefficients  at  the  interface  between 

layers  1,  2  and  2,  3  respectively,  treating  the  layers  as  halfspaces. 
In  its  recursive  form  is  replaced  by  tbe  reflection  coeffic¬ 
ient  of  the  next  lower  system.  Normal  impedance  for  the  isovelocity 

case  is  7«  and  the  halfspace  reflection  coefficient  is 

co*<( 

23  - 


^^.3  * 


/•  O 


C 


2 

In  the  N  -1  inear  case 

(R.IX.  »  +  ^  ^  ^ 

iU-K 

and  and  ^  the  generalizations  of  ^  in  the  isovel- 

oclty  case^are  here  combinations  of  Bessel  functions.  Normal  impe¬ 
dance  wi  1 1  be  ti)  X 

^  -  K  (_  I  j  *  I 

ft-Hcci-^on  C«ei4ici«nf  •» 

2i  -  2i. 


f.t 


.XI 


TTt^T" 
n  !/• 


it 


For  WKB  solutions  appendix  2  shows 


(il,,.  -  (  R.x  *  <l«.  P-V  (  I  *  ®.xi  •  Fj) 


/.f 


1,(0 


and  Fn  and  Fd  are  complicated  expressions  involving  impedances  and 
phase  integrals. 
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Here 


We  note  the  similarity  in  general  form  of  the  quantities  CL,  R,  t 
above. 

Normal  modes  of  propagation  are  introduced  in  chapter  2  when 
the  characteristic  equation  is  developed,  both  on  physical  and  rig¬ 
orous  mathematical  grounds.  In  the  intuitive  approach  we  follow 
Buckers  analysis  of  the  modal  field  as  the  superposition  of  con¬ 
structively  interfering  plane  waves.  This  leads  to  the  relation 

2. .  It,,  t-oi  nZ-TT  /.f  3 

where 

t^cosli^  is  the  vertical  wavenumber  in  the  waveguide  layer 
is  phase  change  from  reflection  at  the  surface 
is  phase  change  from  reflection  at  the  bottom 

Brekhovskikh' s  rigorous  development  of  the  acoustic  field  expression 
is  the  basis  for  the  accepted  period  equation.  Writing  the  field  for 
a  spherical  wave  source  in  terms  of  an  infinite  set  of  image  sources 
satisfying  the  boundary  conditions  and  using  the  integral  represent¬ 
ation  of  a  spherical  wave  for  each  image,  he  transforms  the  ray  ser¬ 
ies  into  a  sum  of  normal  modes.  The  denominator  of  the  expression 
contains  the  quantity 

1  -  (Lt*  R-4 

which  determines  pole  locations  in  the  sum  of  residues  solution. 
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equa- 


1-  R-i  *  is  presented  as  the  "accepted"  period 

tion  even  when  dissipation  is  present.  That  is, 

cai^  f  ♦  ?f-  -  ^.rJi 

where  ^  1£  complex  quantity.  Equation  1.16  requires  more  than  just 
constructive  interference  of  component  waves.  It  determines  the  im¬ 
aginary  part  of  source  angle  as  well. 

Using  the  reflection  coefficients  derived  above  and  an  iteration 
routine  we  will  solve  the  characteristic  equation  l./f  for  eigen¬ 
values  u(n,  Cp)  with  Cp  the  horizontal  phase  velocity,  a  function  of 
angle  of  incidence  ^  ,  and  n  the  mode  number.  These  eigenvalues 

in  combination  with  layer  eigenfunction  coefficients  may  be  used  to 
generate  mode  shapes  as  a  function  of  frequency.  In  chapter  2  we 
give  the  mode  shape  for  model  2a  and  2b.  For  model  3  we  indicate 
in  appendix  2.3.b  the  matrix  equation  whose  solution  is  required  to 
determine  layer  eigenfunction  coefficients.  For  WKB  analysis  we  pre¬ 
sent  in  appendix  2.3.C  a  set  of  simultaneous  equations  to  be  solved 
for  layer  eigenfunction  coefficients  Ca.  ”  mode 

shape  in  terms  of  these  coefficients.  Nor\e  of  the  models  in  chapter  2 
includes  dissipation. 

In  chapter  3  we  introduce  dissipation  into  models  1  and  2;  exa¬ 
mine  its  effect  on  wave  representation,  impedance,  and  reflection  co¬ 
efficients;  and  trace  its  inclusion  in  the  mathematical  algorithm  for 
dispersion  curves  and  attenuation  coefficients.  Theories  of  frequency 
dependence  of  body  wave  attenuation  in  sediments  are  noted  and  it  is 
indicated  that  various  models  exist  for  attenuation-dispersion  pairs. 
Tolstoy's  derivation  of  the  effect  of  attenuation  in  a  relaxation  pro¬ 
cess  is  presented  to  show  how  the  exponential  damping  term  arises. 

We  have  developed  a  program  capable  of  generating  solutions  to  the 
modal  eigenvalue  problem  for  models  1,  2A  and  2B,  with  accompanying 
dispersion  curves  and  attenuation  coefficients.  We  indicate  in  chap¬ 
ter  3  the  theoretical  basis  and  organization  of  the  calculations  for 
models  both  with  and  without  dissipation.  Attenuation  in  the  dissi¬ 
pative  modal  formalism  is  obtained  first  by  expressing  Brekhovskikh's 
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treatment  for  the  isovelocity  multilayer  reflection  coefficient  in 
terms  of  complex  angles  O'f  incidence  and  then  by  developing  an  algor¬ 
ithm  (Newtons  method)  for  solving  simultaneously  the  complex  Snell's 
law  equations.  This  allows  us  to  start  with  a  complex  incidence  angle 
and  determine  modal  component  wave  incidence  angies  in  each  layer  and 
a  reflection  coefficient  for  the  system  of  layers.  Trial  solutions 
are  propagated  through  the  layering,  matching  stress-motion  vectors 
at  the  interfaces  implicitly  with  the  recursive  reflection  coeffic¬ 
ient.  A  convergence  routine  seeks  solutions  which  satisfy  the  char¬ 
acteristic  equation.  We  introduce  dissipation  in  the  layering  through 
complex  sound  speed.  Modal  eigenfunctions  and  eigenvalues  must  now 
satisfy  complex  Helmholtz  equations.  For  all  but  the  simple  isovel¬ 
ocity  case  these  equations  are  unwieldy  and  require  solution  by  num- 

2 

erical  or  approximation  techniques.  In  the  case  of  N  -linear  iso- 
dissipative  layers,  we  are  lead  in  the  appendix  of  chapter  3  to  a  com¬ 
plex  Helmholtz  equation. 


where 


"5  -  ^  ^  Co  S  c(.^»o^ 


iV."  Co 


I 


Without  attenuation  recall  that  the  equation  was 


/‘fl 


with  Hankel  function  solutions.  With  the  approximation 
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in  one  term  of  equation  1.  lb  the  complex  Helmholtz  equation  is  also 

shown  to  have  Hankel  function  solutions,  and  the  argument  becomes 

complex.  The  reflection  coefficient  is  then  derived  in  terms  of  the 

2 

Hankel  waveform  in  the  N  -linear  region  and  incorporated  in  the  modal 
iterative  solution  procedure  as  a  function  of  complex  angle. 

Brekhovskikh' s  development  of  the  accepted  period  equation  is 
the  basis  for  the  rigorous  attenuation  coefficient  presented  in  chap¬ 
ter  4.  The  period  equation  is  justified  through  its  derivation  in  the 
sum  of  residues  expression  for  the  field  integral  given  in  chapter  2, 
combined  with  the  use  of  complex  angle  shown  in  chapter  3.  Since  the 
refraction  law  preserves  the  horizontal  phase  velocity  and  attenua¬ 
tion,  the  first  intuitive  obstacle  is  introduced  in  chapter  4,  namely 
that  of  getting  any  horizontal  attenuation  at  all  from  a  wave  whose 
angle  of  incidence  would  be  expected  on  physical  grounds  to  be  real 
at  the  source.  This  motivates  an  examination  of  the  effect  on  wave 
amplitude  of  plane  wave  propagation  from  a  nond i ss i pat i ve  halfspace 
into  a  dissipative  halfspace.  We  see  how  inhomogeneous  plane  waves 
naturally  arise  and  how  complex  angles  are  required  to  describe 
them.  Then  equating  modal  attenuation  to  the  attenuation  of  compon¬ 
ent  waves  we  develop  an  intuitive  modal  attenuation  coefficient  as  a 
simple  phase  integral  (imaginary  part)  along  component  wave  paths 
normalized  by  horizontal  cycle  length.  We  do  this  in  terms  of  com¬ 


plex  wavenumbers.  For  the  multilayered  media  this  intuitive  atten¬ 


uation  coefficient  (exponential  damping  factor 

r-  . 


)  becomes 


S  =  [  *"  \  ^  I****#!  J  / 

~i 


Here  the  source  layer  is  ,  ^  ^ 

,  ,,  ^  3  < 

are  the  imaginary  parts  of  wavenumber  within  the  source 
layer.  lR.t|  .UM  are  upward  and  downward  reflection  coefficient 
magnitudes  at  the  source  layer  boundaries.  The  denominator  is  the 


cycle  length.  The  integral  is  along  a  ray  in  the  source  layer. 
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To  tnake  the  theory  explicit  we  need  to  find  particular  forms  of 

«  •* 

in  inhomogeneous  layering.  In  the  case  of  homo¬ 

geneous  isovelocity  layers  we  verify  the  validity  of  the  complex  solu¬ 
tion  to  the  wave  equation  .  3re  then  simply  kx"  and 

kz”,  the  complex  parts  of  wavenumber.  The  required  reflection  coeffic¬ 
ients  are  determined  from  Brekhovskikh ' s  recursive  formulation.  By 
taking  the  log  of  both  the  rigorous  and  intuitive  attenuation  coeffic¬ 
ients  for  the  isovelocity  case,  and  expanding  the  exponential  form  of 
the  reflection  coefficient  in  an  infinite  series,  we  are  able  to  show 
that  to  first  order  the  coefficients  are  equal.  For  N  -linear  layers 
we  are  lead  in  appendix  3-1  to  a  complex  Helmholtz  equation  for  ^Ci). 
and  to  reflection  coefficients  from  this  type  of  complex  inhomogeneous 
layering.  Solutions  of  the  complex  Helmholtz  equations  are  required 
both  for  the  intuitive  formulation  and  for  determining  reflection 
coefficients  used  in  the  accepted  period  equation.  We  discuss  the 
intuitive  solution  because  it  provides  insight  that  the  formal  sol¬ 
ution  in  terms  of  contour  integration  and  residues  fails  to  do.  At 
this  point  in  chapter  4  we  return  to  the  literature  and  examine  pre¬ 
vious  solutions  for  modal  attenuation  coefficients.  These  coeffici¬ 
ents  are  presented  in  the  context  of  our  model  parameters  so  that  com¬ 
parison  may  be  made  from  numerical  results  in  chapter  5. 

Chapter  5  presents  details  essential  to  implementation  of  the 
theory  discussed  in  chapters  3  and  4.  In  particular,  close  attention 
is  paid  to  complex  angle  domains  permissible  for  solution  of  the 
characteristic  equation  and  of  the  layer  refraction  laws.  Observa¬ 
tions  are  made  from  the  numerical  results  related  to  reflection  co¬ 
efficient  magnitude  and  phase  and  to  the  refracted  angle  in  layer  2. 

A  nonintuitive  discontinuity  in  the  reflection  coefficient  magnitude 
is  examined  and  found  to  result  from  the  constraints  placed  upon  the 
refracted  angle  as  the  incident  angle  is  varied  along  a  particular 


complex  locus.  Numerical  results  are  presented  for  several  models  of 
general  interest.  Interest  is  focused  on  the  deep  ocean  eg  1000  m 
depth,  low  frequency  1  -  50  Hz  and  velocity  gradients  In  the  sediments 
of  1  m/sec/m.  Dispersion  and  attenuation  coefficient  results  are 


4*- 
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presented  for  the  rigorous  formulation,  the  intuitive  formulation, 
Ingenito's  method,  Brekhovskikh' s  asymptotic  approximation,  and  the 
Kornhauser  and  Raney  method  when  the  model  is  the  classical  Pekeris 
guide.  Sensitivity  of  modal  characteristics  to  dissipation  is  deter¬ 
mined  and  numerical  difficulties  in  the  algorithm  are  discussed. 

In  chapter  6  conclusions  are  drawn  as  to  suitability  of  the  var¬ 
ious  attenuation  coefficient  formulae  for  matching  of  empirical  cur¬ 
ves  and  for  parameter  estimation. 


Chapter  2-  Normal  Modes  In  Waveguides  with  Nond i ss i pat i ve  Boundaries 


2.1  Wave  equation 

2.2  Helmholtz  equation  solution-isoveloci ty  layers 

2.3  Reflection  coefficient 

2.4  Characteristic  equation 

a.  Physical  formulation  of  the  characteristic  equation 

b.  Rigorous  formulation  of  the  characteristic  equation 

2.5  Mode  shapes 


Appendix  2.1  Helmholtz  equation  solutions 

a .  N2' I i near  case 

b. WKB  approximation 

Appendix  2.2  Reflection  coefficient  formu.ae 

a.  Reflection  coefficient  and  derivation  for  model  2a.  ^ 

b.  Recursive  reflection  coefficient  and  derivation  for  N^-I inear 
case 

c.  Reflection  coefficient  for  multilayer  guide  with  WKB 
approximation 

Appendix  2.3  Mode  shapes 

a.  Model  2a, b 

b.  Model  3 

c .  Mode  1  4 
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2.1 


The  wave  equation 

The  undamped  scalar  wave  equation  Is 


v^J  - 


i  f- 


where  may  represent  pressure,  velocity  potential,  or 

displacement  potential,  and  c  the  sound  speed  in  a  liquid  is  re¬ 
lated  to  the  bulk  modulus  and  density  C  *  •  F’or  harmonic 

time  dependence  ^‘*‘***  the  wave  equation  becomes 

In  stratified  layering  with  cylindrical  symnetry  the  harmonic  wave 
equation  is 

)  r‘-  ■-  i  ■"  i 

Separation  is  achieved  by  substituting 
yielding  the  two  equations 

■h  K''L(f)  =  0 


and 


1  i  LC-) 

J  >■'- 

Ir  ^  r 

J'-  4>(^) 

The  first  equation  has  solutions 

LCf)  =  A  HJ  (.<•-)  * 

Asymptotical ly 

1  ~  J  a. 


K^.  f) 


2.1 


i.z. 


Z.3 


2.r 


2.7 


Z.8 


y  f 

for  fCr^l  ,  /To  represents  an  outward  propagating  wave  . 

represents  a  wave  converging  to  r-0.  Equation  2.6  is  the 
Helmholtz  equation  whose  solution  is  dependent  on  parameter 
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where 


with  >(  =  Cy  =  ,  the  radial  phase  velocity.  If  '^(.*-,-^,1) 

is  chosen  to  represent  the  velocity  potent ia 1^ the  pressure  and  z 
component  of  particle  velocity  are  given  by 


p  =  -o  lA. 


K  =  ^  i 


2.2  Helmholtz  equation  solution- 

For  isovelocity  layers  Kz(z)  is  a  constant  for  any  particular 
value  of  K.  Then  la  l<».>jer-  L 

COS 


2. It. 


X  .'4  <_ 


-for-  K< 

Cr>CA 


•  /  i/t-  to  \'t.  ,  y  yi- 


yt  .  C>.  <  C, 


Ai  and  Bi  are  determined  by  the  2(n+l)  boundary  conditions 


P  -  P 

•k  'a. 


s.  =  \ 
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where 


He  I  mho  1 tz 


is  the  number  of  layers  in  the  system 

is  the  horizontal  phase  velocity 

is  the  sound  speed  in  layer  i 

is  the  density  in  layer  i 

is  the  layer  thickness 

is  the  vertical  component  of  wavenumber 

is  the  horizontal  propagation  constant 

equation  solutions  for  the  N 


near  case  and  iri 


the  WKB  approximation  are  given  in  the  appendix  2.1. 


2.3  Reflection  coefficient 

For  multilayer  wave  guides  each  of  the  forms  for  wi  I  I 

hold  within  a  layer  with  the  appropriate  sound  speed  depth  depen¬ 
dence.  For  fluid  layers  the  boundary  conditions  to  be  met  at  the 
interface  are  continuity  of  pressure  and  the  vertical  component  of 
particle  velocity.  Particle  velocity  is  given  by  V  =  "  V  ^ 
and  the  pressure  by  §  when  ^  is  the  velocity 

potential.  At  the  interface  between  layers  i  and  i+1 


1 

ft 

<>5  ^ 

3./S 

For  isovelocity  layers  the  incident,  reflected,  and  transmitted 

waves  at  interface  1,  2  will  be 

^  [a  (  X  cos  ‘f, ^ 

l./4> 

R  exp  Q  (x  i'n  ^  cos  <f,) 

1  i.n 

exp  ^  ( X  s/»?  f-  2)  cos  Yt. 

)]  ..-a 
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The  boundary  conditions  2.14  and  2.15  then  lead  to  the  refraction 

=  ki.  S.-V  <<..  a. 

and  the  reflection  and  transmission  coefficients 


£a.- 


where  for  layer  i 


= 


A 

cos 


Defining  the  normal  impedance 


2.Xo  •  2,2.1 


2.11. 


2.2.3 


allows  one  to  form  the  single  boundary  condition 

? •  -  7  •  2.i.*Y 

at  interface  i,  i+1.  We  also  define 

the  directed  normal  impedance  Ea  (“*))  of  a  particular 

layer  at  depth  z  to  be  the  ratio  for  the  Helmholtz  soi- 

ution  representing  the  wave  traveling  downward  in  the  positive  z 
direction.  The  suffix  is  appended  to  distinguish  Z4  from 

the  pressure/normal  velocity  ratio  for  the  upward  traveling 
Helmholtz  solution  component. 

For  multilayer  waveguides  continuity  of  mechanical  impedance 
(stress  motion  vector)  at  an  interface  allows  recursive  equations  to 
be  written  for  R.  At  an  interface  between  isovelocity  layers  j  and 
j+1  in  a  system  of  n  layers 


1.Z.5 


{0] 
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with  the  reflection  coefficient  written  In  terms  of  rotations  so  that 


1  Ail  1 

Ot,«*cr<Lrv  — r - 

A 


Kjh  *■  ) 


Here  the  superscript  (n-j)  designates  the  number  of  underlying  re¬ 
flecting  layers. 

is  the  reflection  coefficient  at  an  interface  between 

two  halfspaces  with  the  same  properties  as  layers  j  and 

j+1  . 

/D 

is  the  reflection  coefficient  when  partial  reflections 
from  underlying  layers  are  included. 

When  the  isovelocity  halfspace  is  treated  as  a  liquid  the  bottom 
boundary  condition  gives 

(«)  Ch)  —  (  m} 


.y 


art.T«Jt 


Kn(-)>o 

Ch) 


1.1.0 


X.1.1 


The  classical  equation  2. IS  for  the  reflection  coefficient  in  an 
isovelocity  layer  system  has  been  derived  by  Abeles  (ref.Zi  ) 
and  others.  Brekhovskih  offers  two  derivations  which  are  important 
to  us  in  our  extension  of  these  results  to  inhomogeneous  layering. 

In  his  approach  using  normal  and  input  impedances  the  ratio 

on  either  side  of  two  interfaces  is  related  to  the  3  layer  system 
input  impedance  and  the  thickness  of  the  middle  layer  for 

Isovelocity  layers,  i.e.  for  the  system  depicted  in  figure  2.7. 

Three  equations  may  be  written: 


t 


-1  r  \  H  CK 

TZ, 


A  c^p  C--^  4  g>  CAP  (♦;  Yx^’)  , 


2.2.S 


2mp  C:^=  a)  »  <Q  <.Ap  (-<  Vi.  ^  a  <Af  o ; 

Q-a  X,.^)  -  6exp(f<X,_^)  ^ 

£3  (5=  <1)  »  CcxpC-^^aCyi))  +  Dexp(;/^(v«j)^  ^  ^ 

Cftxp  C-<^3(y<i))  -  Dixp  ^ 


The  right  hand  sides  of  these  equations  are  by  definition  simply  the 
ratios  "^^'^2)  'sy®'"  2  with  z“0,  2  with  z*d  and  3  with  z*d, 

respectively.  ^,B.C  sf®  plane  wave  amplitudes. 

Equation  2.23  yields 

-1-  =  R.x»  =  ~  ^-3? 

^  Z I  +•  Zl 


After  substituting  for 
yields 


~  2.3f 

Z I  +•  Zv_ 

from  equation  2.31,  equation  2. 3.^1 


•7  _  Zt  ~  A  £a_  •l-a.rs  V*.cj  7 

imp  *“  ~~  ; -  •  £‘ 

Z  —  A  Z  I  "faLA  t.  cJ 


1.32- 
CQre>.  J-T) 


Equation  2.30  yields 


^  =  <K 
c 


-  Z3 
+  H3 


Manipulation  gives 


R  = 


R.  ■»  ft.  i\-  C  2.  <  Yx  c! ) 

I  +  •  Ai*.*  €*p  (  2.  A  Jl^u  d  ) 


1.33 

(^Qnck.  S.0 


i.3y 


For  systems  of  layers  the  equation  becomes  recursive  with  '■®" 
placed  by  R  of  the  previous  layer  system. 
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In  order  to  write  equations  2.28,  2.0.9  and  2.30,  it  is  nec¬ 
essary  to  take  account  of  the  fact  that  the  ratio  has 

different  signs  in  the  incident  and  the  reflected  waves.  Note  also 
that  for  these  Isovelocity  layers  the  field  at  the  lower  Interface 
can  be  related  to  the  field  at  the  upper  interface  in  layer  2 
through  the  simple  phase  change  exp  The  relation 

used  by  Brekhovskih  is  a  special  case  of  the 


relation 


i.iS 


Actually  ^  is  always  true  for  isovelocity  layers. 

2.^  ,  -  Js  trivially  true  for  incidence  angles  less  than 

critical  in  nondiss ipat ive  layers  (where  Z  4^  'S  real).  It  does  not 
hold  for  angles  beyond  critical  or  for  dissipation  in  isovelocity 
layers  as  is  demonstrated  In  Chapter  3-  Extension  of  these  results 
to  inhomogeneous  layers  using  equation  2. 35 and  the  input  impedance 
approach  is  given  in  the  appendix. 

In  the  limit  of  a  large  number  of  thin  layers  the  multilayer 
isovelocity  system  approximates  an  inhomogeneous  waveguide  contin¬ 
uously  variable  with  depth.  Similarly,  the  multilayer  guide  com¬ 
prised  of  small  inhomogenous  layers  approaches  the  physical  con¬ 
tinuum  as  the  number  of  layers  increases.  Computational  noise  is 
expected  to  be  proportional  to  the  number  of  layers  required  in  the 
layering  approximation  and  should  be  reduced  with  the  use  of  higher 
order  inhomogeneous  models  of  the  continuum. 

Tolstoy  and  Clay  (ref.  ,  p.  28-33)  develop  the  concept  of 
plane  wave  reflection  coefficients  R  for  continuously  stratified, 
constant  density  media  and  derive  a  complex  Ricatti  equation  for  R. 

4^  -  j  4 

d  ■*)  ^  d*^  ' 

Solution  is  given  by  the  ray  approximation  reflection  coefficient 

K  *  (-  I 
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when  their  criterion  “TT  ''J'  ^  ^  is  satisfied. 

d-5 

This  solution  form  holds  exactly  within  homogeneous  layers.  For  in¬ 
homogeneous  layers,  its  validity  depends  on  satisfaction  of  the 
criterion  3.38 

In  the  appendix  we  present  exact  reflection  coefficient  formulae 
valid  in  inhomogeneous  layering  systems. 

The  concept  of  plane  wave  reflection  coefficient  in  continuously 
stratified  media  Is  well  Illustrated  in  figure  2.^  of  Tolstoy  and 
Clay  (ref.  X  ,  p.  28),  sketched  here  in  figure  2.1  is  de¬ 

fined  as  the  ratio  of  upgoing  wave  amplitude  to  incident  wave  am¬ 
plitude  assumed  ■!  at  level  and  R(z)  is  defined  at  arbitrary 
point  z  in  either  section.  The  effect  of  smoothly  varying  c(z) 
within  a  layer  is  simply  to  bend  rays.  The  reflection  coefficient 
is  defined  at  depth  z  independent  of  the  preseac»of  an  interface 
between  discontinuities  in  sound  speed  or  density.  In  fact  the  nor¬ 
mal  mode  solution  is  frequently  formulated  in  terms  of  0^  ^  and 
the  plane  wave  reflection  coefficients  looking  up  and  looking  down 
at  the  source  depth. 

2.4  Characteristic  equation: 

Normal  modes  of  propagation  may  be  shown  to  be  represented  by 
upward  and  downward  traveling  wavetrains  which  reflect  at  boundaries, 
or  refract  through  turning  points  in  a  waveguide,  and  interfere  with 
each  other  constructively.  In  order  to  determine  the  incidence 
angles  at  a  given  frequency  for  which  interference  will  be  construct¬ 
ive,  we  require  the  reflection  coefficient  in  the  source  isovelocity 
layer  looking  up  and  down.  These  will  be  denoted  <R  t  and  ^4^ 
respectively.  We  follow  Tolstoy  in  writing  the  characteristic 
equation  at  an  arbitrary  level  zas  3.. VO 

for  total  reflection.  Writing  the  coefficient  in  terms  of  rotations 
has  €Xf>  C<<%)  and  the  characteristic  equation  becomes 


C 


nt  t 


»n  “IT 


7..Vi 


30 


Writing  the  equation  at  one  depth  as  in  equation  2.40  makes  clear 
the  constancy  of  the  modal  field  at  any  depth.  Physically  these 
equations  are  interpreted  as  specifying  conditions  for  standing 
waves  in  z.  The  mode  system  will  propagate  horizontally,  but  there 
will  be  no  change  in  amplitude  at  depth  z  due  to  the  combined  effect 
of  reflections  from  underlying  media  (aside  from  attenuation  and 

which  are  both  independent  of  depth).  That  is,  the  up¬ 
ward  and  downward  traveling  wave  components  combine  to  give  the  ver¬ 
tical  standing  wave  which  is  called  the  mode  shape.  This  wave  is  a 
traveling  wave  in  the  direction  of  the  waveguide  axis.  In  the  next 
sections  we  summarize  derivations  of  the  characteristic  equation, 
applicable  to  waveguides  with  both  dissipative  and  nondissipative 
boundaries.  These  equations  require  ^  f  and  (k.  i  now  de¬ 
fined  at  bottom  and  top  of  the  source  layer  (ocean  or  layer  in  which 
c  and  p  are  continuous).  We  must  formulate  the  characteristic  equa¬ 
tion  for  the  case  of  damped  and  undamped  normal  modes.  Intuitively 
I t  wou I d  seem  in  the  case  of  absorption,  but  that 

«  w  TT  might  still  be  used  to  represent  constructive 
interference.  We  will  find  from  the  rigorous  formulation  that 

*  i-  will  be  used  even  in  the 

presence  of  absorption  to  select  waves  for  constructive  interference. 

2. 4. a.  Physical  formulation  of  the  characteristic  equation: 

Bucker  (ref.  H  )  has  analyzed  the  problem  of  normal  mode  pro¬ 
pagation  with  lossy  boundaries  and  explains  the  characteristic  equa¬ 
tion  in  the  following  terms.  Considering  the  normal  mode  to  be  an 
interfering  set  of  plane  waves,  (the  downgoing  set  shown  in  figure 
2.2a)  the  condition  that  must  be  satisfied  is  that  points  A  and  D  be 
in  phase,  so  that 

aiT  [  -4^  -  JiV  l.SZ. 

AOCi  A  a  3 

where  and  are  the  phase  shifts  suffered  on  bottom  and 

,1 

surface  reflection.  In  our  case  £s  »  -  7T  and  6,^  •  0 


because  the  field  at  B-*-  is  represented  by  l«.l  e  due  to  partial 
reflections  of  the  whole  wavefront  from  the  system  of  layers  extend¬ 
ing  infinitely  in  x.  Bucker  rewrites  this  as 


The  second  integral  is  interpreted  as 


where  T,  the  ray  cycle  time  is  the  period  in  which  a  ray  completes  a 
full  cycle  through  any  particular  depth.  Also,  „ith  phase  velocity  Cp 


where  X  cycle  length,  because 


with  — jL  ■  the  ray  parameter  constant  along  any  ray.  d 
and  are  arc  length  and  wavelength  along  a  ray  at  level  A. 

Bucker  then  observes  that  with  dx  and  dz  now  the  projections  of  increment 


But  this  is  just  the  vertical  phase  integral  in  the  water  column 
the  characteristic  equation  becomes 
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CydfC. 

For  the  isoveloc)ty  oceen  or  source  layer  of  thickness  d 

1.  “j  ■  ”'3 


j.vd 


and  the  characteristic  equation  is 


i  -  <3  .  d 


a  1:3  •  d  «  4J  #  t,  =  C-l-O  1  TT 


We  will  later  use  complex  Incidence  angle 

Then 


<< 
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i  k.»  (cas  C  i  c/  ^  Cf>  ^  Ces^f-cea*! <{*.</)  S'e4<ic^* 

s  «  c  •  e 

Since  we  physically  expect  the  attenuation 

in  the  water  column  to  be  negligible  relative  to  reflection  loss 
I  -  we  will  assume  re^l  incidence  angle  by  setting  O 

and  attenuation  in  the  water  column  "O.  At  the  free  surface  we  set 
£j  »  "*  TT  (Tolstoy  uses  )C*0  here  because  his  definition  is 

).  Then  the  characteristic  equation  with  an 
isovelocity  source  layer  Is^ 


i  K.'  cot  <C' '  ♦  iSi  -  TT 


a  phase  equation. 


2.  S3 


Z.A.b.  Rigorous  formulation  of  the  characteristic  equation: 

Brekhovskih  has  developed  normal  mode  theory  for  an  isovelocity 
waveguide  bounded  by  media  with  arbitrary  velocity  variation.  We  use 
his  method  as  the  rigorous  method  for  determining  normal  mode  dis" 
persion  and  attenuation  in  both  the  dissipative  and  nondissipative 
boundary  models.  Our  problem  then  becomes  one  of  evaluating  the 
complex  reflection  coefficient  for  the  chosen  model  of  the  bounding 
media,  and  implementing  a  numerical  routine  to  solve  the  character¬ 
istic  equation.  In  this  section  we  briefly  present  the  equations 


leoding  to  the  rigorous  charac ter i s t i c  equation.  The  wave  radiated 
by  a  point  source  at  frequency  oo  has  a  velocity  potential 


~  -Jji*"  t-y*-  fa*- 

yy  ^  ^  ^  a.i-y 

where  V©  is  the  source  volume  velocity  in  units  y' see. .  . 

In  the  plane  z»0  the  field  of  the  source  has  a  double  Fourier  in¬ 
tegral  representation 

jj  Jkn  dky 

-  oo  l.SS 

Qml*..  if.il 

A^kK.ky)  is  given  by  the  inverse  transform 


^  --0  2.r4 

Transforming  to  polar  notation  with 


^  C05  ^ 

^  St-,  ^ 

X  « 

r  COS  ^ 

y  = 

r  ^ 

I  * 

itt.  dy  *  r  dr  d  ^ 


4.<r  ^ 
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leads  to 
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6r^k.  \T.15 


This  is  the  expression  for  the  field  in  the  x,y  plane  in  a  homo¬ 
geneous  medium.  It  is  "continued"  into  space  by  adding  the  term 

where  4^-  ^  A.*- -  k^- . 


Then  for 


is  used  for  points  in  the  halfspace  3  ^  ® 
is  used  for  points  in  the  halfspace  ^  <  O 

oO 

6,Af  K  t  < 

•  3 


2.C,o 


The  integration  over  wave  vector  may  be  replaced  by  an  inte-  Qre.ktT.n 
gration  over  angles  ^  and  ^  using  k.  5c«*^  Cf  col 

1^.  y  »  S<^P  •  *•  A..  Co*, 

Integration  with  respect  to  ^  is  performed  between  Co,  I-Tt) 

Integration  with  respect  to  can  not  be  restricted  to  real  values 
since  varies  from  k_  when  A.K«ky»0  to  »  <  oo 

when  Aji _ O’"  ky— >Ji  oo  •  Equation  Brek.  18.17  is  trans¬ 

formed  to  equation  Brek.  18.19 


ir  • 

if 


^  »  ■*  k.  r  f  tAf  pi.  (  ‘K  f  A  ^  .y  d  P 

ft.  iTT  ^  J  '  ^  f  k.  coj  <f  -'J 

O  ® 

1 1. 

An  interesting  derivation  of  the  unbounded  medium  Greens  function 
represented  by  equation  Z.6e  which  uses  a  triple  Fourier  integral 
representation  and  does  not  appeal  to  analytic  continuation  is  given 
in  reference  30. 
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Brekhovskih  remarks  that  the  inhomogeneous  waves  at  t  ^  ~  ^ 

with  "a"  real  and  positive  are  propagated  at  shortened  wavelength 
along  some  direction  in  the  x-y  plane  (depending  on  ^  )  with  ex¬ 

ponentially  decreasing  amplitude  in  the  z  direction.  The  plane  does 
not  necessarily  correspond  to  any  physical  interface  in  the  z  direc¬ 
tion.  This  condition  is  necessary  in  order  to  get  a  field  with  an 
impulse  at  the  source  and  bounded  elsewhere.  The  contour  goes  to 
-iaO  rather  than  f  400  so  that  the  inhomogeneous  waves  have  reduced 
amplitude  with  depth. 

The  inner  integral  is  performed  by  noting  that 
JLT 

CjOZ  ^  f  y  iC-TN  tp  ^  Sf-n  ^  ^  d  <p  ■*= 
o 
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j  ex^  kr  st^  (f  -  Coj  (J(  -  <p^jj  J(p  -  J-TT  Jo  (u.) 
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Bre.lL 


where  s  b.r  S'-n  ^ 


Then  since 


Jo cJj  ~ 


pfo  and  are  Hankel  functions  of  the  first  and  second  kinds 

and  so  is  the  zero  order  Bessel  function.  Since 

the  outer  integral  may  be  written  as 
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/ 

The  contour  of  integration  is  now  as  depicted  in  figure  2.5. 

For  the  waveguide  problem  Brekhovskih  starts  with  the  field  of 
a  spherical  wave  over  an  interface  represented  as  a  superposition 
of  plane  waves  of  type 

and  reflected  waves  of  type 

exj»  f  i.  [iu'K  *  ky.y  f  3 

In  the  layer  with  upper  and  lower  boundaries  the  field  is  due  to  an 
infinite  series  of  waves  reflected  at  the  boundaries.  Brekhovskih 
sums  over  all  plane  waves  of  a  given  direction  cosine  but  different 
number  of  reflections,  and  then  integrates  the  sum  over  all  values 
of  direction  cosine.  He  gives  the  expression 

o  O  /ao  ■' 

'  Ac*  ’‘^^7/  ''  ^  j  ' 

Orck  ZT.  I 

where  and  R^  are  reflection  coefficients  at  lower  and  upper 
boundaries  respectively. 

The  sum  of  images  representation  of  the  field  is  discussed  at 
length  by  Brekhovskih  (ref.  i  ,  p.  325-333).  For  the  layer  assumed 
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Initially  to  have  perfectly  reflecting  boundaries,  image  sourcexmay 
be  positioned  at  equal  distance  vertically  from  each  boundary  so  that 
by  symmetry  the  boundary  condition  is  maintained.  As  each 


new  Image  source  is  introduced  another  is  required  to  achieve  the 
boundary  condition  at  the  other  interface.  It  can  be  shown  that  the 
direct  path  from  each  image  corresponds  to  a  ray  path  emanating  from 
the  original  source  and  undergoing  a  definite  number  of  reflections 
from  the  boundaries.  The  source  and  Its  image  in  either  boundary,  as 
well  as  the  image  in  the  upper  boundary  of  the  first  source  image  in 
the  lower  boundary  are  illustrated  in  figure  2.3.  In  figure  2.k  the 
corresponding  intralayer  ray  paths  are  indicated.  Additional  sets  of 
four  image  ray  paths  are  distinguished  from  this  first  set  by  having 
interacted  with  both  boundaries  and  traveled  an  additional  dis'fowce.  2'k>X. 
with  X  the  set  index. 

Brekhovskih  uses  the  expressions 


1“ 
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This  i»  the  essentia)  equation.  Brekhovskih  equations  27<1  and  26.7 
come  from  expressing  the  field  In  a  layer  bounded  by  arbitrary  media 
as  a  contribution  from  a  direct  wave  and  from  an  Infinite  series  of 
waves  which  have  been  reflected  at  the  boundaries  of  the  layer  var¬ 
ious  numbers  of  times.  He  has  generalized  the  picture  of  image 
sources  invoked  when  the  boundaries  are  perfectly  reflecting  by  start¬ 
ing  from  the  spherical  wave  representation  and  for  each  value  of  wave- 
number  (direction  cosine)  summing  over  all  combinations  of  reflect¬ 
ions.  He  includes  wavefront  portions  of  a  particular  wavenumber  which 
arrive  directly,  after  reflection  from  the  upper  boundary,  after  re¬ 
flection  from  the  lower  boundary,  or  after  reflection  from  both  (as¬ 
suming  ^  previous  interactions  with  both  boundaries).  This  is  ex¬ 
pressed  In  equation  Brek.  27.1.  Brekhovskih  notes  that  the  general¬ 
ization  of  the  image  source  representation  to  layers  with  arbitrary 
boundaries  is  valid  In  layers  thick  compared  with  a  wavelength,  but 
that  in  thin  layers  the  number  of  reflections  must  be  great  or  an 
additional  series  of  correction  terms  must  be  included. 

To  evaluate  equation  26.7  Brekhovskih  transforms  the  path  of  in¬ 
tegration.  The  integral  over  path  /7  is  written  as  the  sum  of  in¬ 
tegrals  over  contours  and  shown  in  figure  2.Si>  He  shows 

that  the  overlapping  integrals  in  and  cancel  and  that  the 

total  integral  over  is  zero.  When  the  path  deformation  is  made, 

and  with  contribution  along  at  infinity  equal  to  zero,  the  total 

field  is  evaluated  by  taking  residue  contributions  at  poles  of  the 
integrand  and  integrals  along  branch  lines  corresponding  to 
4  n.*'-  •  O  and  Th, 


The  field  is  now  given  by 
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The  first  term  in  2.68  is  the  contribution  from  poles  at  the 


roots  of  the  equation 

I  -  to*  o 

This  is  the  characteristic  equation  for  both  real  and  complex  c 


n  i-i. 

and 


real  or  complex  ^  .  Poles  will  be  found  at  complex  values  of 


^  provided  that  &<-<?)  can  be  evaluated.  The  branch 

line  integrals  appear  because  (KiC<<.)  and  (IkCK.)  are  not  single 
valued,  depending  on  which  of  ^  J  taken,  where 


and  are  the  Indices  of  refraction  re  layer  velocity  for  upper 

and  lower  media.  Brekhovskih  defines  four  Riemann  sheets  (■►+,  +-,  -+, 
--)  depending  on  the  sign  chosen  and  keeps  H  •  fj  ^nd  P*/ 

on  the  ++  sheet.  The  continuous  spectrum  corresponds  to  the  branch 
line  integral  (see  Brek.  p.  350),  but  may  be  evaluated  partially  from 
contributions  of  discrete  leaky  modes  in  the  manner  of  Rosenbaum 
(after  uncovering  another  sheet).  We  will  find  that  these  contribu¬ 
tions  correspond  to  taking  solutions  with  -  or  +  part  of  imaginary 
angle  in  layer  2  of  the  Pekeris  guide.  In  figure  2. 6. a.  we  indicate 
positions  of  poles  and  the  branch  line  for  the  case  of  a  lossless 
bounding  halfspace.  Poles  are  located  on  the  real  ^  axis  in  the 
range  ^  -x  with  pole  density  and  location  dependent 


on  frequency.  The  branch  line  lies  along  the  real  axis  for 

O  <  I  coincides  with  the  imaginary  axis 

for  oO  .  Along  the  branch  line, 

3^  4  *!!*■-  **^*'‘<.  lossless  case  is  real. 

For  the  case  of  an  absorbing  halfspace  pole  and  branch  line  pos¬ 
itions  are  indicated  in  figure  2.6.b.  Pole  positions  are  shown  in 
more  detail  for  particular  model  parameter  values  in  figure 
Both  poles  and  the  branch  line  came  into  the  first  quadrant  as  sound 
speed  is  made  complex.  Brekhovskih ' s  equation  27>19  may  be  used  to 
evaluate  the  acoustic  field  or  Brek.  27-22  may  be  used  by  itself  to 
determine  properties  of  the  eigenvalues.  In  either  case  the  reflect- 


<*o 

ion  coefficient  for  the  waveguide  boundaries  must  be  evaluated  either 
as  an  estimate  from  field  data  or  as  a  property  of  the  selected  model. 
In  the  latter  case  multilayer  models  are  usually  required  to  adequat¬ 
ely  represent  realized  coefficients  over  large  frequency  and  wavenum¬ 
ber  domains. 

2.5  Mode  shapes: 

The  formulae  for  F  when  combined  with  the  characteristic  equation 
allow  solution  for  eigenvalues  We  have  implemented  a  pro¬ 
gram  to  search  for  eigenvalues  as  a  function  of  phase  veloc¬ 
ity  and  mode  number  rv  .  These  eigenvalues  in  combination  with 

layer  eigenfunction  coefficients  are  then  used  to  generate  mode  shapes 
as  a  function  of  frequency. 

For  multilayer  systems  calculation  of  the  interface  reflection 
coefficients  recursively  using  equation  during  the  eigenvalue 

search  yields  the  ratio  of  upward  to  downward  eigenfunction  coeffici¬ 
ent  Bi/A!  in  each  layer  i.  This  is  equivalent  to  having  a  downward 
traveling  wave  with  unit  coefficient  in  each  layer  and  an  upward  trav¬ 
eling  wave  whose  coefficient  is  Ri .  To  calculate  absolute  mode  shape 
within  each  layer  we  must  adjust  each  downward  coefficient  so  that  the 
boundary  conditions  are  again  met,  but  with  the  downward  traveling 
wave  of  unit  amplitude  in  the  source  layer  only. 

For  the  upper  isovelocity  medium  in  model  2a  the  field  is  des¬ 
cribed  by 

Cc  k#  2  (“A  C.e? 
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where  j  '*  sound  speed  at  the  top  of  the  jth  layer. 

Solutions  for  h  -Jj  are  well  known  to  be  Airy  functions  (Morris) 
or  1/3  order  Hankel  functions  (Brek.).  We  follow  Brekhovskih  in  using 


where 
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^0  is  the  incidence  angle  for  a  plane  wave  at  the  source 
2.1.b.  WKB  approximation. 

In  a  layer  with  arbitrary  velocity  variation,  the  WKB  solution 
for  ix-i)  is  obtained  by  substituting 

•PCi) 

into  the  Helmholtz  equation  to  obtain 
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to  **  e  ^ 

Neglecting  V  leads  to  two  equations  *  'TI 


ni) 

Solutions  are 

e'-  *  i 


so  that 


and  i.  e  V'  4.  as  o 

^  ©  »  1  I  jTCy  j 


^j)  .  ^  c,  //CjJ  JjJ  »• 


Then  wi th 


'4.  -r 


Appendix  2.2  Reflection  coefficient  formulae. 

2. 2. a.  Reflection  coefficient  and  derivation  in  model  2a. 

For  model  2a  where  the  system  of  layers  reduces  to  an  isovelocity 
2 

layer  over  an  N  -linear  halfspace  the  reflection  coefficient  will  be 
shown  to  be 

K  -  -  A  (  -  J’t) » <  (  Jva  J-v<} 

P>  (  -j  ^  -  J '  f)  -  ^  (  J  Vi  *  J‘Vj) 

m 

m 

where  H  the  argument  of  J  is  evaluated  at  the  interface  ® 

u  s 

^  C’iC^~o)  J  'S  ^ 


Then  with  ©  *  — 

JVa  -  J-yj 

L  J 

This  result  except  for  the  minus  sign  is  given  by  Brekhovskih.  (set  Qr«V. if. <5^ 
For  the  case  of  a  velocity  discontinuity  at  the  interface  we 
have  modified  this  to 

m 

^  u><^  ©  —  (vJ/j  ■f  J-'/a  ^ 


Kp(({J  =  ^JLrA± 

•  ^  kx  Co)  COJ 


Kj.  Co)  H  -ioi-  kj^Co)  3 


C-iC^ao) 
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p  is  the  Index  of  refraction  squared  at  z-0, 
ha  If space. 

Derivation: 

Writing  the  field  in  the  upper  medium  as 

coic^o)  = 

and  in  the  lower  medium  as 

c^vCi)  ^  ^  ^'6  (•*) 

We  have  to  satisfy  the  boundary  conditions 


the  top  of  the  N  -linear 


►  a 


J  S  cosVe 

k.E  ^ 

Ci(^«oJ  Cvi^-<j) 


Then 


-  -C  U>yO,  (  (  ♦  /t  )  * 

ill, 


8  (»«)  f  '‘b*  (“•)  ~j 

r*^ii  c,)  <0  '7'* 

*■  ,^1  Mtojj.  u f (o/ ^.1  (- .) ja 


and  index  of  refraction  is  increasing  so  we  use  the 
Then  s I  nee 

as  COX 

Ci-J 


sign. 


iin< 


and  H-  f  t  ^  where  I  J  s  A . 


-  [a  (j-f-  J|)  >  <  -  ^■^)] 

[p-  (J-j'Jf)  -  <  A(Ji  *  J-i)J 
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2 

2.2.b.  Recursive  reflection  coefficient  and  derivation  for  N  -linear 

case: 

For  Inhomogeneous  layers  It  may  not  be  sufficient  to  simply  re¬ 
place  the  exponential  phase  change  in  equation  2.31  by  the  phase  in¬ 
tegral  from  layer  bottom  to  top.  Conditions  leading  to  the  plane 
wave  reflection  coefficient  which  satisfies  equation  2.37  may  be  vio¬ 
lated.  When  condition  equation  2.38  holds  the  phase  integral  should 
be  a  good  approximation  and  is  equivalent  to  continuing  the  reflect¬ 
ion  coefficient  upward  as  in  equation  2, 37*  However,  there  will  also 
be  an  amplitude  change  due  to  varying  index  of  refraction.  We  re¬ 
quire  an  equation  for  calculating  the  reflection  coefficient  at  in¬ 
terfaces  recursively  in  the  manner  of  equation  2.3i.  This  equation 
will  explicitly  include  matching  at  the  boundaries  required  to  con¬ 
tinue  solutions  beyond  the  layer  where  phase  integral  approximations 
are  valid.  Additionally  it  will  be  more  accurate  than  a  solution 
like  equation  2.37  within  any  layer, when  approximations  are  not  made 

in  calculating  the  functions  involved. 

2 

For  N  -linear  layer  systems  we  use  Helmholtz  solutions  given  at 

the  beginning  of  this  chapter.  The  relation  if  4*"  holds  as 

long  as  (bclowjis  real  and  On  and  Oa  are  real.  This  will  be 

true  for  argument^! real  so  that  the  Bessel  functions  are  real.  Thus 

2 

it  holds  at  levels  z  above  the  turning  point  in  nondissipative  N  - 
linear  layers.  We  have 

~  A  Hyj  j  Ca 

where 

M=  t  ^  ^  S=  i 

with  the  variation  of  index  of  refraction  W  .  The  -  sign 

is  chosen  for  sound  speed  increasing  with  depth  and  z  axis  pointing 
downward,  w  is  the  frequency.  Performing  the  differentiation  we 
find 


'♦7 


- 


♦  <co/-  • 

,  -  ^  - r  «  ■  I  I ,  I  - 

Ci  1  li,(.)  l^-vj  Cm(j))  C  f  -  ■  »  «»*■<<=  i  J  ^  ) 


fSr  the  upward  going  wave 


I  ' 

f  «  «•  A  oj/j  K  V3  .  _ \ _ 

C- J  <*.J  Co)  C  P  -  I  ♦  Cos\^  ' 


Expansion  of  the  Hankel  functions  exactly  using 


J,c<)  - 


I  tU 

hi  ^  Ca) 


S**%  Tp 


yields  j  =  2- 


Z^i>  =  ^  /’••-  J-a  e 


N  -  •  3" 

--S  C©'<  QOi,  +  A  i. 


Zc  t 


where 


J  KWk.*  "S 


♦  i  C©'J  <■  4  <  X 

’  ^  e.  c 

kvCojif 

•p  =  p  '  I  h  <<0  -  -3  *!) 

•*  t®’  ^  'JjC'jj-  ^ 


[coi  ■3  J.i(v)  -  J  l{Cv)3‘’t  ?  J-^Cv]  ' 


-I  r  ?  j  iC>«j  . 

o’  >Jic-0- 


2  J-aC^) 


toa  a  J-aC'*)” 


Note  that  Z  u.  4 


-  Zi.  t 


Using  equation  (Appendix  2.2.20)  we  can  derive  a  recursive  form  of 

2 

the  reflection  coefficient  for  N  -linear  layer  systems  similar  to  the 
Schelkunoff  equation.  We  follow  the  input  impedance  approach  and 
find  that 

f  R-  Vi 

I  •*.  Fa 


where 


^  >(«>)  •  Z  -  ZaCcr) 

M  C. '*!{«))  Zj(o)  Zx,(-i)f  Z*C®) 


We  drop  the  suffix  after  deriving  all  quantities  in  terms  of  Zi  ^ 

U.  .  J  I"- 


Similarly 


H'fj  (_U^(o))  .  Za.  (»)  [~  Zi  -  ZrCo) 


H '(3  Cujk,c®))  Zj.  (_«)  Z(  (^-d)  +  Zu^C.®} 


can  be  put  in  the  form 

-  e_  ^*n  c 


C-^))  -  J-i  Cv*4-i))T  [_c  J-^  (u*to)j  -  J- 


J  3  (^  cC“^))  -  J-iCt^vC-J))^*  J  j  (t*j(o3j  "  J'i  (**• 


-■C  C  ©•<  ♦  ®o)j  “<  ? 


t<  ( &M  *■  ®®)*.  ^  ^  ^ 


-  (€W  ♦  ^  i  I  *■  Ot)^.  *<2.  / 

c  l,...-lhh  I,..  j 

\  £"  3  ~  c  ®"*  ■*  ®*}i  ]7 

^  J  ~  I 

.  3  C**  ■"  J  "J  (^  I 


tCO'rf  Oa)x.,+  «-  ^ 


,  -c  ♦■  ®Vi-  <  ■£ 


.  ^  (  ©*j  t  ©ajj>  ^  ^ 


,  /  c  ®*yj,  >  <  1 

“  /?j/  e  /3-0 


Cj-:))=  (.-l(-')/>^u  ?')j 

*...(<>)  ? 


|c»a  f  -  J-i(fc,.(y))J  Ji(u>.C3'j)J 

3°^  Y  J-Ku^<y))  -  J-J(<..Cj'MJ  ¥  J-t(  c  ^0'))J 

-  sign  for  c{z)  increasing  with  depth 
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a  f  (  - - -  ,  ^  i 

f  CuuCyJ)-  J‘iC‘*w(v))  >' 

,  Y  J-t  C^^CiO) 

[  - f - - - / 

co«  ^  Jj  Ct-'-^yJ  "  J  * 

"P  =  C  f *  -  '  ^  ^O-c  ) 


We  can  express  ^■va_  above  as  the  complex  number 

W»l.,r  //v/./r./.  J 

(  /  f  ^  C.4  cc*,,  *  4  u,,rinr  ] 

jKert  a«  =  [[-liJl2j  coiC^-Oi)-  lzJl7jU.»(&^*&j)  * 

I  £j‘'coj  i®.  *  lljl‘-]^t[-/iJ/Zjl  (Sj-0,)  - 

7  Vi. 

Iz.llljl 


I  £j‘'coj  i®.  WHj/7  (Oj-0,)  - 

7  Vi. 

Iz.llljl 

//Zj/S/Z*r-  z/ij//i./  c„C®j.®.)  ] 

7*  ~/Z< /■/?)/  C®4'®*j  *  lZ<ll ijl  C®**^  ■  / Z<1  sir\  i.0^ 

I  /Z7-/Zj/  -/lil/Zjl  c*»(9i»?/l'/Z</Sos  t9» 

•.  /7  /<-  1 


4S  3  s  A_ 

■»  ©3  a 


These  equations  are  certainly  lengthy  and  unappealing.  However,  for 
any  particular  Initial  source  exit  angle  they  do  allow  layerwisc  re¬ 
cursion  from  the  lower  turning  point  layer  to  the  upper  turning 
point.  By  grouping  all  Information  about  the  current  layer  In  12 
Rj  .  ^  and  that  for  previous  layer  In  wo  retain  the  recur¬ 

sive  property  when 


Deri  vat  ion : 

Us  i  ng  we  write  pressure  at  a  level  z  as  p  a  V  ^ 

and  vertical  component  of  particle  velocity  as  '^5'*  ^  ^ 


Here  the  superscript  (l)  or  (2)  denotes  functions  associated  with 
incident  ((1),  downgoing)  or  reflected  {(2),  upcoming)  wave. 

Then  ^  \  “  i _  “  1 _ 

1  z 

Where  f  has  been  dropped  in  ^  ^  ,  but  z  refers  to  the  downward 

traveling  wave.  At  interface  1,2  we  can  write 


(  p"‘  >  I 

i. 

La  *  a  M'/j  1  ZkC«)l 

La  -  B  Z  t-Col  J 


This  is  analagous  to  the  form  used  to  start  the  recursive  reflection 
coefficient  for  the  isovelocity  case.  There  is  a  major  diffeietice 
here  however.  The  boundary  condition  is  not  on  but  on  the  total 

field.  The  RHS  of  equation  (Appendix  2.2.38)  involves  the  total 
field.  The  LHS  involves  only  Z|  because  no  energy  sources  are  as¬ 
sumed  below  the  lowest  interface,  nor  reflecting  horizons.  In  the 
N^- 1  inear  case  we  can  write  only  i  'if  if  we  assume  the  downgoing 
wave  dissipates  before  reaching  the  turning  point,  or  that  the  grad¬ 
ient  is  small  enough  so  that  the  lowest  layer  Is  essentially  iso- 
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velocity.  If  this  condition  does  not  hold  we  must  use  both  ^  ^ 
and  for  the  turning  point  layer.  That  Is,  we  must  start  the 

recursion  with  reflection  coefficient  at  some  level  z  within 

a  turning  point  layer  (see  model  2a.) 

Solving  for  the  ratio  B/A  we  get  Uo  ^  J  ~ 

CO  P  *  " 

,  -Sl  ~  HVj  c®)  ^ 

HviCu-.)  zJ'Co)  ZvC) 


Then  since 


A  Hv^Cua)  »  ^  ^'/3  Cwa). 

I  ■=&  at  ...  -  -  ■  ■■  ■■■ — =— 

'3=--*  fi  HvjCu,)  iXi)  -  a  hJ^(>oj) 


we  can  substitute  for  B/A  and  write 


,  ,  r rt vi c-..)  i  .  I ^ 

L  H  «/j  Cu,,')  J 


where 


%o  = 


'LkC.o)  ~  2 ,  c*) 
•  Co)  -  £ jJ Co) 


2uCo) 

ZjlCo) 


Similarly  <»»y  be  related  to  the  normal  impedance  in  layer  3 


.  I  £s  { 
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Note  that  we  are  using  z  axes  with  a  zero  in  each  layer.  We  substi¬ 
tute  now  for  •  After  considerable  manipulation  and  using  the 

Bessel  function  representation  of  Hankel  functions  we  arrive  at  the 
forms  given  ia  section  A  above).  To  assess  fairly  the  con¬ 

venience  of  these  forms  they  should  be  compared  to  the  computations 
required  to  evaluate  matrices  in  the  Thomson-Haske 1 1 ,  Dunki n-Thrower , 
or  Knopoff  methods  (althourh  these  methods  do  not  treat  inhomogeneous 
media) . 


Appendix  2.2.C.  Reflection  coefficient  for  multilayer  guide  with 
"Piecewise  WKB  layering". 

For  "WKB  layers"  we  can  perform  a  similar  analysis 


.  A.  w  ^  t 


It 


~K  bO 


■  ^  If'cn)  -  i  »'(i)) 

U> 


5,  t  <  ^•-^'  ( 


Lr^U^^r] 


Again  J?aV*  '  ^  and  following  the  input  impedance  approach 

we  find 


«•  F,j 

\  +  (Lx,y  Fa 


recurs  I veiy 


R»3i,  ^ 


ft. 


3t_ 


«■  =  c 


I  (Rxi 


1.( 


e  2uC’)) 


Zi-Cj) 


?<!,}»  z'Cj) 


ZiCi')*Z*Ci) 


Here  tl*e  z's  are  different  for  the  media  and  jj  always  refers  to 
^  for  a  coordinate  system  with  z  increasing  downward. 

These  formulae  can  be  combined  to  give 


kix.  =[' 


4.x.  ^iC®) 


r  Zt<.-i)  -  z.(o)  1 

^xc-J)  ♦isTcoiJ 


I''*'-  ri.c-4  -  ix(.o)  ]  ^  ? 

^  Zi  C“J)  ♦  ^4^  C«^  J  LZxC'd]  •♦ /3''Co)  Jj 
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Yk'  (:j) 


-  -TT 


Cf,  3  SjCi)  *  W  (  liJillL')  -  I 

!> 

5^  =  i  I  If'-.C^)  J5  f  s. 


The  complex  constant  ^  drops  out  of  altogether. 

In  solving  for  modal  eigenvalues  in  an  N^-I  inear  WKB  layer- 

ing*'we  need  only  calculate  the  phase  integral  within  the  layers  and 
the  vertical  component  of  wavenumber  at  the  layer  boundaries.  Thus 
we  require 

with  - - ~r~  “  77~\  is  source  exit  angle 

cos  f 

<p  IS  a  grazing  angle 

Using  the  gradient 


c. 


3)4-1 


gives 


©  =  51^  -  [A‘C5i^  -  coi'-t«)]  ^ 

2 

For  turning  points  within  the  N  -linear  layer  there  will  be  an  addi¬ 


tional  contribution 


L 


and  the  characterlst ic  equation  will  require  »*\  TT f  ^ 
for  phase  shift  at  the  turning  point. 


to  account 


Appendix  2.3  Mode  shapes. 

Node]  2. a. 

2 

In  the  N  -linear  ocean  bottom  above  the  turning  point 


O  <  ’J  <  -J, 


we  find  that 


♦  i.  Si-v  (,l)4  ?)  \ 

ft  [jrj  ►  CW  I)  -  cesCt» 

+  >  ^)1 

ft'  = 
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2 

Below  the  turning  point  in  the  N  -linear  iayer  ^  ^  ^  ^ / 


we  find  that 


SC:))  *  0*0  ^  ^ [] ^h)  XC'O  'COS (j j.'i)  ♦  k f  a)^ 

Xcv)  •  Sir\.  c  c»)  ♦  b)  -  T-  Cii)  '  SU.N  C^.Cs>)  ^  ^  \ 
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for  the  case  of  N^- linear  layers.  In  our  formulation  , 

A  .  (ii*!  complex.  In  the  lowest  layer  (the  turning 


point  layer)  we  may  write  ft  *14  and  the  matrix  equation  will  be 

\  /av. 

Additionally,  however,  we  know  that  Q*  A  «  (  dl.A.<  ;  Ra)  .  a.  4x) 

^  Ba.  »  (R  .  Aa.  4-  ft.A‘  Al¬ 

and  we  need  to  solve  the  matrix  equation  for  (  A*,  1 * )  *..( 

9'«'' 

Mode  I  4 . 

For  WKB  layering 

)  ^ 

4*1  C-i)  •»  1  ^ 

^  V  Z*  ^ 

and  we  get  four  equations,  two  of  which  should  be  dependent. 

From  pressure  continuity 
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From  particle  velocity  continuity 
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where  y 

t  S 

.  and  depends  on  the  particular  velocity  profile 

used  with  the  WKB  approximation. 

When  these  equations  are  solved  for  Ca  we  have 

I  cl.  . 

and  the  mode  shape  for  the  WKB  layer  i 

For  the  case  {  <R.(  •  ^  with  total  reflection 
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Chapter  3-  Normal  Modes  in  Waveguides  with  Dissipative  Boundaries 
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3.2  Phenomenological  approach  to  dissipation  and  relaxation 
mechan i sms 

•3.3  Introduction  of  dissipation  in  the  wave  equation 

3.4  Isovelocity  layers  with  dissipation: 

3.4.1  Wave  representation 

3.4.2  Refraction  law 

3.4.3  Phase  velocity 

3.4.4  Impedances 

3.4.5  Reflection  coefficients 

Two  ha  If spaces,  multilayer  isovelocity 

3.5  General  statement  of  the  problem 

3.5.1  Characteristic  equation 

3.5.2  Attenuation  coefficient 

3.6  Method  of  solution 

3.6.1  Characteristic  equation 

3.6.2  Snell  equation 

3.6.3  Regarding  Riemann  sheets 

2 

Appendix  3.1  N  -linear  layers  with  dissipation 

3.2  Reflection  coefficient  for  dissipative  model  2A 
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3.1  Introduction 

In  the  present  chapter  the  wave  attenuation  encountered  in  real 
waveguides  will  be  accounted  for  as  absorption  is  included  in  the 
mathematical  description  of  our  layered  models.  Attenuation  is  des¬ 
cribed  first  in  terms  of  the  measures  we  make  of  it:  loss  per  cycle 
of  energy  in  an  incremental  volume,  amplitude  decay  of  a  progressing 
wave,  and  decay  with  time  of  the  peak  energy  at  a  point  in  space. 
Mention  is  made  of  various  mechanistic  approaches  to  attenuation, 
which  we  avoid  here  by  modeling  the  observed  attenuation,  from  what¬ 
ever  cause,  through  the  use  of  complex  sound  speed.  This  is  the 
phenomenological  approach  to  the  description  of  decay.  We  strengthen 
the  argument  by  showing  that  if  stress  and  strain  are  related  to  each 
other  through  relaxation  functions,  the  same  exponential  decay  factor 
ultimately  arises.  Next  we  indicate  the  effect  of  complex  sound 
speed  on  wave  representation,  acoustic  impedance,  and  reflection  co¬ 
efficients,  and  trace  its  inclusion  in  the  mathematical  algorithms 
for  dispersion  curves  and  attenuation  coefficients.  We  present  the 
theoretical  basis  and  organization  of  the  calculations  for  models 
both  with  and  without  dissipation.  In  the  case  of  isovelocity  layer¬ 
ing  we  have  explicitly  developed  Brekhovski kh ' s  treatment  of  the  re¬ 
cursive  reflection  coefficient  for  absorbing  layers  in  terms  of  com¬ 
plex  incidence  angle  and  sound  speed.  We  have  formulated  an  algor¬ 
ithm  for  solution  of  the  simultaneous  complex  refraction  law  equa- 

2 

tions  and  the  complex  characteristic  equation.  In  the  case  of  N  - 
linear  layering  we  develop  the  complex  Helmholtz  equation  and  its 
solution,  required  to  determine  reflection  coefficients  from  that 
type  of  layering. 

Much  precedent  exists  for  dealing  with  both  modal  attenuation 
and  body  wave  attenuation.  The  original  shallow  water  modal  work 
dates  back  to  Pekeris  (ref. 2^  )  who  treated  1,  2,  3  layer  nonabsorb¬ 
ing  fluid  waveguides.  Kornhauser  and  Raney  (ref.  /T  )  introduced  at¬ 
tenuation  into  the  lower  haifspace  of  the  Pekeris  guide  and  determin¬ 
ed  mode  attenuation  coefficients.  Eby  et  al  (ref.<L5  )  validated  the 
general  K-fR  expression  in  a  model  study  and  improved  it  by  including 
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the  effect  of  shear  in  the  lower  medium.  For  multilayer  guides  em¬ 
pirical  coefficients  rather  than  closed  form  analytic  expressions 
have  generally  been  used  to  adjust  the  field  data  (ref.  ).  This 
conveniently  avoids  the  mechanism  of  attenuation  problem. 

Attenuation  of  body  waves  is  typically  assumed  to  be  proportion¬ 
al  to  the  first  power  of  frequency  in  ocean  bottom  sediments.  How¬ 
ever  the  validity  of  this  statistical  law  has  not  been  firmly  estab¬ 
lished  in  the  K-s  band.  Ingenito  (ref.  2.0  )  for  ex- 

i.nr 

ample  shows  evidence  for  ^  law  at  ‘♦oo  Saclant  has  imple¬ 
mented  in  its  programs.  Hamilton  (ref.ZC»  )  reports  confirm- 

•  I 

ation  by  Zemztov,  Tullos,  and  Reid  of  t  laws  in  coastal  clay  and 
land  surveys  in  the  S-  band.  Knopoff  (ref.  )  has  made 

measurements  of  specific  attenuation  factor  '/Q  in  homogeneous 
materials  in  the  lab  and  in  the  field  and  shows  that  */ci  is  inde¬ 
pendent  of  frequency  in  solids,  but  varies  as  the  first  power  o'? 
frequency  in  liquids,  suggesting  that  the  mechanism  of  attenuation  in 
solids  is  substantially  different  from  that  in  liquids.  The  working 

definition  of  Q"'  ,  the  specific  attenuation  factor,  is  related  to 

the  expression  from  electrical  circuit  theory 


3. -IT 

Q 


£ 


ZA 


where  is  the  amount  of  energy  dissipated  per  cycie  of  a  har¬ 

monic  excitation  in  a  certain  volume  and  £  is  the  peak  elastic 
energy  in  the  system  in  the  same  volume.  The  spatial  attenuation  for 
a  wave  function  observed  throughout  space  at  a  fixed  time  is  of  the 
form  ("  ^  where  ^  phase 

velocity.  Observation  of  this  wave  function  as  a  function  of  time  at 
a  fixed  point  in  space  yields  the  damping  factor  exj»Q-Vt^  where 


i 


CO 


Only  in  homogeneous  systems  without  dispersion 


are  the  definitions  equivalent.  Knopoff  claims  that  lab  experiments 

2 

indicate  an  attenuation  factor  ,  proportional  to  f  in  liquids 
and  f^  in  solids. 


Various  attenuation-dispersion  pairs  have  been  proposed  corres¬ 
ponding  to  models  of  dissipative  media.  There  has  been  some  discus¬ 
sion  of  their  behaviour  at  low  frequencies  where  little  experimental 
data  exists,  and  of  the  constraints  upon  form  imposed  by  causality. 

In  particular,  Strick's  minimum  phase  power  law  model  (ref.6Z-  )  has 
been  criticized  by  White  and  Walsh  (ref.  CrS  )  who  propose  a  lumped 
element  transmission  line  model.  They  state  that  attenuation  very 
nearly  proportional  to  frequency  over  a  wide  frequency  range  does  not 
require  substantial  velocity  variation  at  low  frequency,  but  qualify 
their  analysis  restricting  it  to  competent  rock  such  as  sandstone, 
shales  and  limestones,  conceding  that  other  conclusions  may  be  reach¬ 
ed  for  oozes,  muds  and  loose  soil. 

The  properties  of  any  composite  material  are  statistical  in  nat¬ 
ure.  Measurements  must  be  made  over  large  samples  and  average  pro¬ 
perties  taken  to  correspond  to  features  of  the  homogeneous  mathemat¬ 
ical  model.  In  the  case  of  low  frequencies  samples  of  relativity 
constant  properites  are  difficult  to  encounter  in  dimensions  compar¬ 
able  to  the  wavelengths  involved.  The  measurement  of  absorption  is 
then  tied  to  tracing  the  flow  of  seismic  energy.  When  correction  can 
be  made  for  partition  of  energy  at  boundaries  and  geometrical  spread¬ 
ing  then  the  recording  of  a  quantity  that  is  proportional  to  the  log 
of  the  peak  absolute  value  of  the  square  of  the  particle  velocity 
(the  log  of  the  energy  density)  may  be  used  to  determine  absorption. 
Hermont  (ref.  oy  )  has  emphasized  the  utility  of  this  measure  when 
correlated  with  conventional  reflection  data. 

The  approach  taken  to  absorption  in  this  study  accounts  mathe¬ 
matically  for  observational  changes  in  the  acoustic  field  with  range. 
No  attempt  is  made  to  relate  these  changes  to  possible  underlying 
attenuation  mechanisms.  Frequency  dependence  will  be  a  parameter  of 
the  computational  algorithm,  but  the  algorithm  has  not  been  applied 
to  matching  real  data  and  we  will  offer  no  support  of  any  one  mechan¬ 
ism  over  another.  Application  of  the  methods  developed  here  to  spe¬ 
cific  acoustic  environments  will,  however,  require  selection  of  speci¬ 
fic  values  for  frequency  dependence  and  attenuation  coefficient.  For 
this  reason  we  briefly  review  existing  theory  and 


data. 


3.2  Phenomenological  approach  to  dissipation  and  relaxation 
mechan i sms : 

In  the  phenomenological  approach  to  volumetric  absorption  for 
spherically  spreading  waves  the  decrease  in  intensity  associated  with 
volumetric  absorption  Is  proportional  to  the  magnitude  of  the  vector 
intensity  and  to  the  spherical  shell  thickness  through  which  the  wave 
is  passing.  c)  X  “  -  i  d  r-  3.1- 

This  assumes  that  the  shell  is  far  from  the  source  so  the  variation 
of  JL  as  *“  is  neglected.  The  integral  is 

X,  and  p*“  are  closely  related  and  this  is  equivalent  to 

p  =  A  exp  r  -  A.  cot'j  3.3 


Absorption  is  represented  as  a  complex  part  of  wavenumber. 

Oyer  (ref.  7  )  has  related  volumetric  absorption  in  seawater  to 

relaxation  mechanisms.  The  physical  basis  of  the  relaxation  mechan¬ 
ism  in  water  relates  to  transfer  of  acoustic  energy  to  some  internal 
process  of  the  liquid,  e.g.  kinetic  (viscosity),  structural  (molecu¬ 
lar  rearrangement),  or  chemical  (reaction  between  constituents).  He 
shows  that  the  reciprocal  absorption  length  <K  for  a  relaxation 
process  can  be  put  in  the  form 


0.  (_S:\  ‘  I 


i  ^ycr  3.1  ) 


and  T  are  parameters  pertaining  to  properties  of  the  liquid. 


Sound  speed,  c,  is  such  that 


^  i  V- 

1  -  X 

\  +  uo'"  7:' 


Equation  (DyerJ  8  )  comes  from  modifying  Hookes  law  to  include  a  time 


derivative 


P  '  -  v-l 
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Additionally  in  seawater  chemical  processes  associated  with  magnesium 
sulfate  and  boron  dominate  at  low  frequencies.  The  boric  acid,  bor¬ 
ate  acid  base  equilibrium  reaction  is  influential  for  frequencies 


<3.5  ICI/, 


Here 
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In  the  intermediate  depth  models  studied  in  this  report  frequencies 
of  low  order  modes  are  in  the  range  for  which  the  chemical  relaxation 
mechanism  will  dominate  in  seawater. 

White  (ref.  ^  )  has  summarized  current  views  of  seismic  wave 

attenuation  in  solids  in  terms  of  both  measurable  parameters,  and  an¬ 
alytic  means  of  expressing  attenuation  in  the  equations  of  motion. 

He  observes  that  current  experimental  results  point  out  that  (1)  pro¬ 
gressive  wave  attenuation  is  directly  proportional  to  frequency  (2) 
sharpness  of  resonance  Q  for  driven  samples  is  independent  of  fre¬ 
quency,  and  (3)  the  fractional  energy  loss  per  cycle  for  slow  cyclic 
stresses  is  Independent  of  frequency.  Any  theory  invoked  to  explain 
attenuation  should  account  for  these  observations  and  the  additional 
facts  that  attenuation  is  reduced  by  high  confining  pressures  and  in¬ 
creased  by  addition  of  moisture  to  solid  samples.  White  reviews  the 
(  description  of  lossy  material  in  terms  of  (l)  complex  elastic  moduli, 

(2)  inclusion  of  time  derivatives  in  the  relation  between  stress  and 


67 


strain,  (3)  use  of  more  general  relaxation  functions  to  relate  stress 
and  strain  and  (4)  nonlinear  stress  strain  relations  such  as  sliding 
friction.  Of  these  only  (4)  can  produce  first  power  frequency  de¬ 
pendence  of  attenuation  and  no  dispersion  over  large  bandwidths.  The 

.  I 

others  may  approximate  -f  in  local  regions  of  frequency. 

Finally,  Ham i 1  ton  (re  f.  iC*  )  presents  exhaustive  studies  and  sum¬ 
maries  of  compressional  wave  attenuation  in  marine  sediments.  Two 
phase  media  such  as  sediments  might  be  expected  to  display  character¬ 
istics  of  both  their  constituents,  seawater  and  solid  matrix.  Hamil¬ 
ton  concludes  however  that  (1)  attenuation  in  water  saturated  sedi¬ 
ments,  in  dB/unit  length,  is  also  approximately  dependent  on  the 
first  power  of  frequency,  that  (2)  velocity  dispersion  is  negligible 
or  absent,  and  (3)  that  intergrain  friction  appears  to  be  the  domi¬ 
nant  cause  of  wave  energy  damping.  Viscous  losses  due  to  relative 
movement  of  pore  water  and  mineral  structure  are  probably  negligible 
at  seismic  frequencies. 

In  modeling  losses  in  sediments,  a  critical  factor  is  the  extent 
of  relative  movement  of  pore  water  and  mineral  particles.  If  there 
is  significant  motion  then  viscous  damping  and  velocity  dispersion 
should  be  present.  If  there  is  little  fluid  motion  with  respect  to 
the  solid  then  we  expect  no  velocity  dispersion,  and  energy  damping 
is  not  dependent  on  the  fluid  viscosity  or  permeability  of  the  min¬ 
eral  structure.  Hamilton  presents  evidence  that  little  velocity  dis¬ 
persion  occurs  even  in  sands  where  grain  size  is  large,  and  permea¬ 
bility  high,  with  interconnecting  pores. 

The  important  factors  in  attenuation  will  be  sediment  structure, 
porosity,  grain  size  and  shape,  interparticle  contacts,  surface  areas 
in  sands  and  coarse  silts^and  physicochemical  forces  (cohesion)  in 
fine  silts  and  clays.  Hamilton  presents  empirical  evidence  that  at 
seismic  wavelengths  the  attenuation  coefficient  ^  =  varies 

as  J.'f*  and  that  ^  increases  with  decreasing  grain  size  from 
coarse  to  fine  sands.  It  is  highest  for  silty  sand  or  sandy  silt. 
Attenuation  then  decreases  with  decreasing  grain  size  into  fine  silts 
and  clays.  Similarly,  porosity  varies  with  in  the  same  way  as 
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mean  grain  size.  The  highest  values  of  5^  are  in  very  fine  sands 
and  sandy  silts.  In  silt  clays  ^  decreases  with  increasing  por¬ 
osity. 

An  average  value  of  the  attenuation  «*.  in  seawater  from  Dyer 
is  ^  cr  10-“  at  100  Hz.  From  Hamilton,  an  aver¬ 

age  value  of  5**.  in  sediments  is  ss  Vo”'*'  cl3^i*v  at  100 
Hz.  Thus  we  see  that  water  column  losses  should  be  unimportant  for 
energy  traveling  through  both  water  and  sediment.  In  latter  sections 
we  will  treat  ocean  bottom  layers  as  absorbing  acoustic  (liquid)  me¬ 
dia.  Our  computer  algorithms  will,  however  set  dissipation  in  the 
source  layer  (the  ocean)  *0  under  the  assumption  that  it  is  very  much 
smaller  than  any  other  layer. 


3.3  Introduction  of  absorption  into  the  wave  equation 

Tolstoy  (ref.  J  )  analytically  introduces  attenuation  for  a  re¬ 
laxation  process  into  the  wave  equation.  For  a  one  dimensional  con¬ 
servative  medium  the  acoustic  wave  equation  is 


S  = 


where 

I  is  the  perturbation  displacement. 

C.  is  the  adiabatic  sound  speed. 

This  equation  assumes  that  the  response  to  a  pressure  increment  P« 
is  an  instantaneous  increment  in  density  .  When  the  response  is 

allowed  to  Include  a  delay,  the  relation  between  pressure  Increment 
and  density  increment  could  realistically  involve  the  first  derivative 
of  yO  with  respect  to  time.  One  description  might  be 

P'  =  ^  ^ 

a  dynamic  equation  of  state.  The  factor  determines  the  import¬ 

ance  of  the  time  derivative.  The  solution  of  this  differential  equa¬ 
tion  for  a  step  pressure  increment  is 
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The  relaxation  time  is  TI  -  ^ / cj~  •  damped  1-iJ 


wave  equation  is 


I  = 


4 


satisfied  by  the  damped  harmonic  wave 

~  ^  K  A.  (  toi.  -  c»c 

!  =  Sc  ^  •  c 


where 
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^x  *  *^“^0  with  propagation 
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The  complex  wavenumber  will  be 

«<f  ‘  ‘‘■•■'‘I 

The  effect  of  the  relaxation  process  Is  to  introduce  dissipation 
and  make  the  propagation  dispersive.  Body  wave  attenuation  in 
nepers/m  is  given  by 


t. 

to  X 


l.\t 

QroUi«Y 


Phase  velocity  is 


Vo- 

2.  C 
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I  +  Co 
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I  fco  T 


shows  a  second  order  dependence  on  UJ  and  is  approximat¬ 
ely  constant  in  the  low  frequency  limit.  The  specific  attenuation 
factor  will  be  peaked  at  a  period  of  the  order  i.  TT  times  the  re¬ 
laxation  time.  The  important  point  is  that  for  a  relaxation  process 
we  may  modify  solutions  to  the  undamped  wave  equation  by  an  exponen¬ 
tial  decay  with  respect  to  distance.  These  relations  will  describe 
well  the  chemical  disassociation  absorption  noted  in  seawater. 

From  the  previous  section  we  see  that  frictional  and  other  non¬ 
linear  attenuation  mechanisms  may  be  more  appropriate  than  relaxation 
mechanisms  in  describing  attenuation  in  sediments  over  wide  band- 
widths.  White  (ref.  ^  ,  p.  115-117)  shows,  however,  that  for  small 

strains  nonlinear  stress  strain  relations  may  be  approximated  to  give 
displacement  wave  propagation 


-  (  w  ©f /a.Cp)  X.  -ccoK/^Cft  coot 

-  Uo  £  e.  e. 

Here  (bp  ,  the  phase  shift  between  stress  and  strain,  is  a  con¬ 
stant  related  to  stress  strain  hysterisis.  Attenuation  is  exponen¬ 
tial  with  respect  to  distance  and  directly  proportional  to  frequency, 
Sound  speed,  Cp  ,  is  independent  of  frequency.  Linear  theory  is 
then  preserved  and  superposition  still  applies.  Observations  of  ex¬ 
ponential  decay  at  fixed  frequencies  similar  to  that  represented  in 
equation  3.15  for  a  relaxation  process,  and  the  utility  of  fre¬ 
quency  domain  synthesis  for  a  linear  process^ lead  us  to  adopt  the  mod¬ 
el  with  exponential  decay  over  limited  bandwidths. 
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3.4  Isovelocity  layers  with  dissipation 

Attenuation  in  the  acoustic  media  we  are  treating  is  represented 
by  letting  sound  speed  become  complex 


I 

CO  C 


a  .Z.I 


So  wavenumber  is  complex, 


+  I  Kl'  =  k'  ^  c  t' 

c' 


with  b.'  the  attenuation  in  nepers/ 1 ength .  We  show  below  that  the 
refraction  law  then  requires  the  angles  of  propagation  in  each  layer 
to  become  complex, 

^  I  .  u 

^  ~  ^  3,1.3 

even  with  real  incidence  angle  at  the  source. 


3.4.)  Wave  representation  for  isovelocity  layers 

In  solving  equation  2.3  separation  of  variables  was  employed  and 
the  velocity  potential  written  as  in  equation  2.4.  The  assumption 
was  made  that  was  independent  of  f*  It  could  be  real  or 

complex.  The  separation  constant  K  .  identified  as  the  radial 
wavenumber,  was  independent  of  »■  or  ,  but  could  also  be  com¬ 

plex.  Solution  2.8  for  the  radial  dependence  of  ^  still  holds  for 
complex  since  the  Hankel  function  is  defined  for  complex  argu¬ 
ment  K. »-  .  For  arbitrary  variation  of  with  depth  we  must 

insure  that  satisfies  the  Helmholtz  equation  2.6.  For  iso¬ 

velocity  layers  solution  equation  2.12  will  still  hold  and  may  be 


written  in  the  form 

*  A  exp  i  ^ 

2 

Solution  of  the  complex  Helmholtz  equation  for  N  -linear  layers  is 
treated  in  appendix  5.1.  ^ 

Equation  2.9  is  still  the  defining  relation  for  1^^)  •  When 

substi tutions 


.  ^  •  I  M  I  •  It 

and  K  •  <  ^  ^  < 
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are  made  It  is  easily  shown  that 


(“  t- ^  ;  I'' 

3.i.T 

Equation  2.9  is  identically  satisfied  for  arbitrary  real  or  complex 


angle 

if  we  make  the  associations 

l.2.t 

and 

^  k.^  cos'-  ^ 

For  then 

u 

)(  = 

k.  -K  +K.  - 

(sun.  +  CoS 

3.50 

The  inverse 

relations  are 
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3.32_ 

If  we  pick  angle  ^  to  be  the  real  incidence  angle  between  the  nor¬ 
ma)  to  the  wavefront  and  the  cartesian  axis  2)  j  equations 
and  3  gi  ve  the  cartesian  components  of  wavenumber  and  Y 

Equations  3.2.T  are  easily  shown  to  hold.  The  polar  represent- 
ation  in  terms  of  angle  wi 1 1  be  unique  to  mod  2. Tv  .  In  chap¬ 

ter  5  detailed  consideration  will  be  given  to  the  inverse  relations 

V 

mapping  from  wavenumber  to  incidence  angle.  For  a  given  locus  of  R. 

V 

care  must  be  taken  to  preserve  continuity  in  ICa  and  ^ 

*  II  ,1  I  i( 

The  propagation  variables  are  now  to  >  co  •  n.  ,  K  , 

^  3re  specified  for  each  layer  so 

that  for  real  frequency  the  layer  wavenumbers  are  given 

'’y  C  «  4  I  Wl'  -  ^ 

C.I 

With  complex  and  we  have 
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3  T  «  k  c«x  ct 

Within  an  isovelocity  layer  we  will  define 

k.'  ■£  ^  sw.,  C<3  *  C  Ck'4.  c  k')  Si/vv(t<.'+ (.  C^")] 

k!*'*  =  Ii-\[^k,  J  ■♦■  '-  *<■"]  J 

5  k^'  «  ^kt[lC  coiC^]  «  [Ck^  (1  k'}  cos(<<\c<<")] 
i  =  •**3"  -  C.OX  =  I^fCk'^kk")  cox  Ck.’ ♦  V  k“)  ] 

3.3S-  3.3^ 

Since 

c  k  ^  coxk  k.  *  -  k  cox  StnK  ]  — 

kk  toS  C^'  smK  C^"  +  1^*'  5v^  (^'') 

3.3 ‘1 

and 

c  k  cos  <t  ~  (k  cos  <c'  cosK  «<''  la.”  ^ 

k  <<  xu/\k  k  "  k  CoS  <<*  coxk  ^ 

,  3, MO 

we  have 

^  k«  =  ^  C  ^  k'  Cosk  -  k."  CoJ  (^'  si^k  k'' } 

k»  —  k  Coc  k*  ^'nk  k"  ♦  k*  Sun  m'  coxk  ‘<“  ) 

c  k*^  *  ^  C  k  cos  ^  to«k  k"  1“  k*  su^  K'  5chK  C^  ^  3.*<3 

k!  5.nk  k  -  kl'  cox  ^  cesk  t<" )  J-'ii 

Ccku'fki]^  C' 

Propagation  is  represented  by  C.  *5^ 


7^ 


-  t  oot 

in  the  +x,  +z  direction  and  time  dependence  (£,  , 

3.4.2  Refraction  law 

The  refraction  law  itself  is  now  complex, 

To  see  that  this  law  still  holds  for  the  complex  wave  representation 

Brekhovskikh  has  taken  the  incident,  reflected  and  transmitted  waves 

* 

at  the  interface  between  two  ha  If spaces 

Sl#S.  tt,  _  C-oS"  i.% 

=  R'A  C  i.  k.  Q  K  St-N  <<,  7)  cos  ^.*<1 

‘f Ql  iCv  C  ^  C05  i.Ht 

In  the  upper  medium  1,  |n  the  lower  medium  2, 

•  Continuity  of  acoustic  pressure  and  the  nor¬ 
mal  component  of  particle  velocity  at  the  interface,  z»0,  with 

^  i.SO 

requi res 

A  ^  ^ 

'  a.;;j  s.5a_ 

Then 

0  ^  pi.  (  kv.  )  ^"1 
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^  Note  that  Brekhovskikh  uses  here  the  same  angle  for  incident  and 
reflected  waves  as  shown  in  his  figure  6  (ref.  /  ,  p.  15),  drawn  here 
as  figure  3.1. a*  This  leads  to  a  different  representation  of  incident 
and  reflected  wave,  thus  minus  sign  in  equat ion  }.VC»  ,  If  the  defini¬ 
tion  of  incidence  angle  as  the  angle  between  the  normal  to  the  wave- 
front  in  its  direction  of  propagation  and  the  +z  axis  is  maintained  a 
(  consistent  representation  using  equation  3.^1  results  for  both  inci¬ 

dent  and  reflected  waves.  The  angle  <<  will  give  the  correct  sign 
for  in  both  incident  and  reflected  waves. 
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Since  both  sides  must  be  independent  of  x  he  gets 

C  (<•  •«  kX  ^ 

the  refraction  law.  This  complex  equation  may  then  be  written  for 
arbitrary  interface  i,  i+1  as  the  two  real  equations 


‘<4.  c-osK  Cos  ((I  <<<'  = 

kl  I  *1  I  **  I  If 

<♦1  st-N  c.os^  -  k.^*,  cos 

a.s-j- 

kc  CO-S  Sl«^^v  +  k’i!  ‘<v  cosK  kC  - 

U  '  t/  '  /  *'  L  **  '  '  " 

^cvi  CoS  '«.♦»(  S«»\S  ^Lvt  Cosk  ^cf» 

3, 5-0 

I 

These  transcendental  equations  have  multiple  roots  , 

>• 

.  At  any  particular  frequency  w,  the  quantities 
II  and  Jc"  Coo)  are  fixed  for  each  layer.  When  is 

V 

known^  two  solutions  for  may  be  found  within  the  range 

TT  ^  ^  "TT  with  different  signs  in 

< 

Additionally  there  is  the  modulus  ambiguity  in 

v* 

Our  method  of  solution  for  is  discussed  in  section  3.6.2. 

3. A. 3.  Phase  velocity 
With  propagation 

exf  [[(c  ki  f  C  )  C<-  ^  ^’)  -  ^ 

we  get  phase  velocity  by  setting  the  phase  in  the  exponent  equal  to  a 
constant,  say  zero,  and  projecting  the  velocity  onto  the  x  axis 


c  k  <  '  X,  -  co"t 


t  ~  Vi  ■  ^ 


In  the  ocean 


k*.  “  k  Su*vt<  coak  -  k,  cos  fit  C^*' 


76 


^  o 


U!  C05k<<.' 


In  other  layers  the  phase  velocity  will  be 


i.S<\ 


= 


cosk  «<.“  -  U."  cosCt'  <<.“ 


and  if  attenuation  is  proportional  to  frequency 

u."  - 


^.<pO 


we  will  have 


Cp  « 


^  ymk  tl  ' 

*  Co® 


I 


C.  -to 


UJ,  (<.“  -  C,-k'XCoo)  COS  «<.'  «<." 

In  searching  for  modal  eigenvalues  UJ  ,  as  a  function  of  phase 

velocity  C  ^  we  use  equation  .  Note  that  by  constraining 

and  in  the  source  layer  to  the  locus  on  which 


(»  = 


we  are  setting  the  refraction  law  equation  1.5S’equal  to  a  constant 
(a  function  of  Cf  and  C|  ). 

3.^.4  Impedances 

With  sound  speed  and  incidence  angle  complex  the  defining  re¬ 
lations  for  the  normal  impedances  are  still  valid, 


1  ' 


for  waves  traveling  downward  in  the  +2 
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r  7 

direction,  and  “7—  ^  -  r  for  waves  traveling  in  the  -2 

'‘i 


3.C*3 


direction.  That  is,  with  Ni  *  -  V  $  and  P  =  -  ^ 


we  have 


H  s  = 


<-  u>  ^  ^  4/ 

C  bJ  CO% 

t 


JiJrL 

•s/ 

cos  C<, 


-  c  CO  /3  ^  t 

c  CO  *os  ^  5  t 


Cos  c<. 


B.G  5 


Vite  have  used 


and  C.oX  with  the  same  ^  used  for  ^  T 

or  ‘I'  =  j*c  is  the  complex  characteristic  impedance. 

gives  both  the  amplitude  and  phase  relation  between  local  pres¬ 
sure  and  particle  velocity  normal  to  the  boundary  throughout  the  iso- 
velocity  layer.  The  minus  sign  arises  with  the  upward  propagating 
wave  because  of  the  sense  of  the  particle  velocity. 

Defining  ^  in  terms  of  its  real  and  imaginary  components,  as 
Brekhovskikh  does,  we  can  explicitly  relate  ^  to  the  complex  polar 
wavenumber  coordinates  and  .  Using  Brekhovski  kh '  s  notation 

j  S  V  ♦  I  S 

we  obtain 


)('  *  yJ  CO  C, 


3.G7 

3.G8' 
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where 

A*  to  co^  C<,'  k'  C.«  Sc-^  C<.** 

3.«i^S 

B“  k.'  C«  CoS  cxss^v  k"  -  <-0  H,'  t<.‘' 

‘  i.-io 

In  the  nond i ss ipat i ve  case  we  saw  that  the  relation  z;* 

held  for  incidence  angles  ^  critical  in  isovelocity  layers,  and 

above  the  turning  point  in  N  -linear  layers.  The  relation 

is  used  to  derive  reflection  coefficients,  and  for  isovelocity  layers 

is  correct  as  shown  above  in  equation  i-oS  .  i  \  is  also 

formally  correct  for  isovelocity  layers  if  f’  and  are  real. 

Starting  with  definition  eq  3.(,M  2=  .  and  substituting 

*  T  -  ‘(uv^  into  the  expressions  for  ^  J 

above  we  alternatcl*^  may  show  that  A  rtf'!  ,  and 

.  Then  if  O  we  must  have  -zr. 

not  H  i  =  "  iT*  •  This  latter  form  does  not  hold  in  isovelocity 
layers  for  complex  angles  of  incidence. 

3.4.5  Reflection  and  transmission  coefficients 

a.  Reflection  coefficient  over  a  dissipative  halfspace. 

Both  reflection  and  transmission  coefficients  at  an  inter¬ 
face  between  two  halfspaces  are  now  found  to  be  complex.  Pressure  is 
and  the  vertical  component  of  particle  velocity 

may  be  writ  ten 

“2"  — — A  ^  A  «.X(>  C.otO”]  ~ 

A  k.  (^<  5u».n  V  ^  Co4 

ill 

The  “  A  term  comes  from  the  difference  in  impedance  definition  for 
incident  and  reflected  waves.  Then  since  the  ratio  must 

be  equal  to  the  Impedance  in  the  lower  medium  as  well 

2,.=  z,[Aj-^)  ^  r!.=  A=  ?»-- 

v  A  -  5  /  A  i,  , 


'i.TJL 
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Then  for  interface  *. 


■  J 


*-‘J  =/>M  ^ 


•x,M\  |>  =  S,") 


('<<*''4)^  (k,sO' 


Ok  A  < 


■i-OkA  =»  2.  it, ~ 


S  -*3 


Since  the  reflection  coefficient  will  have  magnitude  1  even  for 
incidence  angles  beyond  the  cr i t i ca I  we  wr i te  , 


fi.  ’  e 


^  _ 


3.T5 


-  <t)’'  =  u\^\ 


3.7(4. 


We  later  use  the  transmission  coefficient  T  for  critical  reflect¬ 
ion.  There  wi th 

i',  =  IK  t:  >  ,  (‘t:-)] ;  -  [i -  ? ] , 


and  with  medium  2  nond i ss i pat i ve 

T  = 


2  /),  Cg  COS 
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These  representations  correspond  to  those  of  Tolstoy  and  Clay,  for 
example,  who  with 

3  7V 


I  X  c  J  3  ; 


3.71 
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using 


>j  B  pK*.se 


^.^so 


Pi,  X--3  V  p, 

For  critical  reflection  ICx^  =  .  in  the  Tolstoy  formula  where 
ui/  ^ 

Tv  =  ~  \  \  “  cr^r*" )  ^  ^ 


T=  4^'  (-f^) 

^  /Ou  ! 


equivaient  to  Tolstoy  2.90 


^.•83 


The  Brekhovskikh  representation  emphasises  the  role  of  complex  angle 
and  explicitly  includes  absorption. 

3  ‘l.S.b.  Multilayer  reflection  coefficient  for  dissipative  isovelocity 
med i a : 

Brekhovskikh  has  indicated  a  direction  that  might  be  taken  for 
the  case  of  absorption  in  multilayer  systems.  He  has  given  the  re¬ 
flection  coefficient  including  partial  reflections  for  absorbing  media. 
Briefly  with  isovelocity  media,  and  after  modifying  his  notation 

tj 

1  +  IV-vi 

D  •  «  are  interface  reflection  coefficients  such  that 


Zi,  - 

u  f  2, 


11;.^  =  lU-ih. 

Zs  ♦  Zv. 


i.'av 
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with  the  normal 

impedance. 

For  the  multilayer  guides 

will  become  the  input 

impedance  to  the  lower  layer  system.  The  equa- 

tion  is  recursive. 
Brekhovskikh  defines 

= 

Kx^  ” 

kj_  Cox  *<»- 

^.187 

* 

Svvv 

and 

=  JL  ii.*,  tor  ^K'  ~ 

oC  4 

V 

ill 

3.  VI 

so  that  with 

3. no 

and  with  the  R.,u  an^  9'''®" 

dvi  =r  /J»J1  e. 

» 

<.(!)<«- 

R-ix  *  y9(x  CL. 

3.71 

/  y  y  \i.  /  f  r  \v.  Iz  '  »L.  -t  »i  -  6x. 

(.Tj  +  Jw)  4  (4i+U) 

He  then  gets  the  modulus  and  phase  of  the  three  layer  (or  recursive) 
reflection  coefficient  ^  ^  ^.^5 

2,  -ft  i  -X4 

s,  |dL|  =  />.u  t  IL  pi.'i  ji.x.  e  ceA(<t>i.'i  ^  . 

^.S0 

.  1.  X  X  S  t  ^  T 


4>  a- 


4)<.  =  art4< 


.  fi 

g»  ~  f***) 

4  ^x.\  kf  tOsQcbx?  -(^^iU  4*0 


(Jk  =  j.,, 

I  4-  /*,t.  Cos(^Ct>jLi  4  (^,a^4«»i) 
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We  see  that  he  has  (R.  ^1.3,  ,  4t.s,  “  Ol(  Si,  rjjVi.TijOt.jSj 

Substituting  for  and  in  his  definition  of  and  .2^^ 

we  determine 


.  A 


'j* 


&  -  3.»  ^  .  Q 


l.iao 

3.  lo  ( 


h-  A 


CO  c 


tie 


h  ^  'A  ^ 


hi 


K 


3.foa_ 
3.  (<73 


where 

A^«  U)  cos  tosK  C(j'  ^  hj’  Cjo  -St^ 

l>.lo*^ 

Aio  CeS  CosK  -  VaJ  S(/w  Sinl^ 

^  3*‘®5 

We  see  then  that  (K  ~  I  can  be  determined  solving  the  re¬ 
fraction  law  for  a  particular  frequency  CO  at  each  interface  and 
recursively  calculating  (JC  to  the  ocean  bottom. 


3.5  General  statement  of  the  problem: 

3.5.1 •  Characteristic  equation: 

From  the  above  we  see  that  the  refraction  law  lets  us  determine 

V  V 

complex  angle  in  the  lower  medium  given  (£,  in  the  upper 

medium.  Then  we  can  compute  OLUM  at  the  ocean  bottom.  OL'I'C^)^ 
at  the  ocean  surface  is  assumed  »  -1  for  the  pressure  release  surface. 
If  we  choose  phase  velocity  as  the  independent  parameter  (we 

could  just  as  well  choose  frequency  00  )  we  may  solve  the  character¬ 

istic  equation  for  eigenfrequency  co  ,  constrained  to  be  real,  and 
complex  eigen  incidence  angle  ,  in  the  source  layer.  The  C.  f 

relation,  equation  I  ets  us  solve  for  given  and  the 

assumed  value  of 

The  complex  characteristic  equation  can  now  be  split  into  its 


I 
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real  and  imaginary  parts 

1  -  e.(  Cii  iTj.lv)  =  o  ^ 

i t  becomes 

A-  k.  k  C05  coik  1-  t  V  ^  i  *  iTA 

a.iol 

-A  ki  K  «;  j«k  k.”  i-  «"t  V  <)’i  ~  o  ^ 

These  two  real  equations  must  be  satisfied.  Given  the  Cp  relation 
we  have  two  equations  and  two  unknowns  co  and  .  In  summary  the 
equations  at  hand  are: 

1.  Phase  veiocity  in  the  source  layer 


6p  =  /  Si»v  t<,'  c.o*k  t</‘ 


2.  Refract 

ion 

law  at  each  Interface 

ki  Sl»V 

< 

cosk  -  k^  cor  ^4^  Silk  = 

1  ”  ' 

k*^,  cjoy  Vcs-t  3ih 

1  " 

3.1(0 

kl  co^ 

j.,(v  <#;•  -H  C 

1  1 

3t*s  t<4.  = 

/ 

*«-*n 

C05  <><4*., 

1  '•  ’  ,  • 

Cork  ' 

l.iu 

.  Characteristic  equation 

J.  ki  k  co«k  ^  r  +  ^  i  Ji 

lAd— 

■  z  k'.  (v  «•"  1-  'l'"t  <■  4)1  *  O 

1  .U  3 

Iso  we  have  a  formula  for  the  reflection  coefficient 

^  ■■■■  ■  -  ^  --  .w— 

de*r, collie.  \.Ufc| 

or  the  Pekeris  guide  with 


8^ 


Thus  we  see  that  for  the  layer  over  a  ha  If space  N“2  we  have  five 
equations  and  five  unknowns.  In  the  multilayer  case  of  N-1  layers 
over  a  halfspace  we  have  2N+1  equations  in  2N+1  unknowns.  For  each 
additional  layer  we  add  two  unknown  angle  components,  "W*. ,*<**], and 

two  additional  refraction  law  equations.  Reflection  coefficients  cal¬ 
culated  with  the  recursive  formulation  must  be  used  as  well. 

Of  these  equations  the  refraction  law  equations  are  solved  as  N-1 
simultaneous  transcendental  pairs.  The  characteristic  equation  is 
also  treated  as  a  transcendental  pair.  Trigonometric  ambiguities  oc¬ 
cur  in  all  these  equations,  and  constraints  must  be  placed  on  angle 
domains.  The  equation  is  also  ambiguous  with  roots  whose  im¬ 
aginary  part  of  angle  may  be  ^  o  .  When  angle  constraints 

are  established  and  roots  chosen  for  the  refraction  and  Cp  equa¬ 
tions  the  reflection  coefficient  follows  simply  by  substitution.  In 
section  3.6  we  discuss  the  interative  procedure  for  solving  the  re¬ 
fraction  and  characteristic  equations. 

3.5.2  Attenuation  coefficient 

Our  goal  is  to  determine  the  modal  attenuation  of  each  mode  as 
a  function  of  frequency  or  wavenumber.  The  rigorous  attenuation  co¬ 
efficient  is  shown  in  chapter  4  to  be 


^  -  -k..  <t'"t  ,  (OH  =  _  t  ^  0''  1, 

^  Hi  k  s«<*\  2.  k 


^.ll5 


This  may  be  solved  for  as  a  function  of  ^ 


3.6  Method  of  solution 


3.6.1.  Characteristic  equation 


Newton-Raphson  convergence  schemes  are  used  to  solve  both  the 
Snell  equations  and  the  characteristic  equations.  For  the  charact¬ 
eristic  equation  iteration  is  performed  over  the  eigenvalues  CO  , 
is  related  to  through  independent  parameter 

and  independent  of  vo  in  the  ocean  where  H!*  —  O  . 

^•4,;  -  .a- 


CO 


AVI 


:=  CO4  - 


- 


J  (.f.a'l 
-  4  ’  ^ 


Here 


C  H 


^.in 

<)cO 
l.ut  J 

d  00 

3.IR.O,  3.1^1 


3*0  f.j)  = 


4w,  r\u^ '  cos  cosK  -  (t?'  t  -  dt'  i 

3.iZ-3 

=  -  ikk  S«nk  1-  6*'  T  r  Ct”  V 

Analytic  forms  of  the  derivative  defined  above  are  largely  intractable 
(even  for  the  two  layer  case).  This  is  because  the  phase  and  ampli¬ 
tude  of  the  reflection  coefficient  are  dependent  on  co  and  C^,'  in 
complicated  ways.  Each  of  the  angles  entering  into  the  reflec¬ 

tion  coefficient  are  also  dependent  on  <0  and  C^(  and  the  number  of 
partial  derivative  evaluations  is  excessive.  We  have  attempted,  how¬ 
ever,  to  initially  implement  the  Newton-Raphson  method  for  the  charac- 
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terlstlc  equation  using  analytic  forms  for  the  partiai  derivatives. 
Since  solutions  for  the  layer  angles  themselves  come  from  an  itera¬ 
tive  procedure.  (Closed  form  solutions  have  not  been  determined  for 
the  refraction  law  equations),  partial  derivation  of  the  required 
angles  must  be  estimated  during  the  refraction  law  iterations.  We 
have  had  little  success  in  getting  this  method  to  converge  however. 
After  some  effort  we  have  settled  on  a  finite  difference  approxima¬ 
tion  to  the  required  derivatives.  Functional  values  for  the  charac¬ 
teristic  equation  are  calculated  along  lines  of  constant  and  cO 

and  the  finite  differences  combined  with  A  and  Aco  step  size  to 
give  approximations  to  the  derivatives.  Later  when  the  program  con¬ 
tinued  to  be  plagued  by  faulty  derivatives,  "extrapolation  to  the 
limit"  was  used  to  further  improve  the  estimates  of  derivatives. 

First  order  extrapolation  is  shown  by  Conte  (ref.  ^  )  to  give  der¬ 

ivative  estimate 

i'(x.)  =  r**  iC'/t)  -  KK)]  A 

K  ®  is  the  step  size.  At  each  point  /e  we  continue  to  halve 
the  interval  K  until  and  agree  to  within  a 

prescribed  amount. 

3.6.2.  Refraction  law  equation 

In  the  implementation  of  the  refraction  law  at  each  layer  solu¬ 
tions  for  -  C  . Kas*  )  ore  obtained  iteratively  in  the 

V 

following  manner.  Using  C(.  from  the  previous  layer,  an  initial 
estimate  of  is  made  from  the  real  "Snell  equation"  for  this 

Interface  assuming  no  dissipation  and  the  same  incident  angle  with  its 

,  II 

imaginary  part  set  to  zero.  A  solution  for  '\\vi  may  be  obtained 
from  one  Snell  equation  and  used  to  generate  a  correction  to 
from  the  other.  In  the  Newton-Raphson  form  actually  used  here,  cor- 
rection  factors  for  both  and  are  generated  sim- 
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* 


ultaneously  after  the  initial  guess.  Specifically  equation  i.S<* 


becomes 

4VI 

'  <,  - 

ax  ce.kc^,;. 

A»( 

with 

fiLHS 

(O'* 

III 

•  t^A*  ♦ 

Sx-  . 

X 

ce<" 

&  ( 

< 

-  ' 

*  ®-A 

•  Co« 

3.1  ,  d.ll  O 

&  • 

A>l 

A-M 

•  <1 

Bx  s  k" 

AVI 

*  ^Al-i 

Manipulation  gives  3S  solution  to 


^3  A»(  p  _  qUKS  ^  ^  —  Q 

AVI 


(_  B2.  ♦• 

AVI 

a*- Vz,. 

A^l  / 

BM  ^ 

(  B2.  - 

Afl 

8^-V*2-. 

Afl  H 

1 15 

and  an  additional  root  has  been  introduced  by  expanding  sinh  and  cosh 

.  r/*  , 

and  multiplying  by  e,  .A  solution  for  is  then 


/  I3LH5  4.  ( 

/  u 

B3 

1  ftM  ■"  1 

.1  as  / 

as 

Equation  3.^5  '*  written 

ALK^  =  A^'^,  <.«»aK  ^  iii  C<J^, 


3.lb& 


where 
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( 


(\LHS  = 

b.1  4<**n  <(.*.  COsK  ((ji' 

-  k" 

coS  Smk 

i. 

131 

a;>.  * 

Sc-% 

“  <1*1 

L  ' 

^-44.,  •  COS  <^4H 

i. 

IS9 

We  have  the  two  simultaneous  equations 

AuKS  —  <-®5k  ^^.pl  ” “  Aft.K^ 

^  CoS  U<t.(  ooaU 

,  .  .  .  ,  ,  i.'Ho 

and  initial  guesses  ' 

^<•*■1  =  (  ^<>1  .  O  )  re^l  ^utll  selo^.r.-N  S.lHj 

k<v«  ■=  “fCC^lvi  3.1^1. 


where  care  has  been  taken  to  eliminate  the  spurious  root  (The  error  is 
determined  for  each  root.  If  both  roots  are  ”>0  the  smallest  error 
producer  is  chosen.  In  practice  one  solution  is  always  on  the  order 
of  -1  the  other  Is  t -u  00©'  )• 


Defining 


=  liMs- ^c.Ks 


i.lH3 


so  that 

f  <t;., 


li 


ii 


^Al-I  C<»sK<<A4(  cos  C^A»I 

SinVv  ^<>1 

3.i‘f5 

^A+l 

k'*  *  I  '• 

4i(  COS  ^411  tosh  ^4Vi 


1.110 


1 
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a  -  fe.  ' 

coiK 

3.H-7 

il-  -  k«, 

Co5 

*  K. 

is  used  to  generate 

new  estimates  of  (0  ' 

.  A. 

'  -  (  . 

oj  \M 

■  s- 

3.1^1 


HAmJ 


.  A>i 


where 


-  {  3-  i  ■  l<tL,  ) 


^■cm  =  ^<(L  -^i,,  -  Jfi,  •  fr^. 


3.15*0 


3.iy( 

Iteration  proceeds  until  convergence  is  achieved  to  within  permissible 


error. 


3.6.3.  Regarding  Riemann  sheets 

The  characteristic  equation  3.»0(#  has  multiple  isolated  roots. 
Branch  cuts  involved  in  evaluating  field  equation  Brekhovskikh  27.21 
(equation  2.68)  and  discussed  in  section  2.i*.b.  are  made  by  Brekhov- 

skikh  along  lines  in  the  plane  for  which  •\| 

and  functions  and 

are  not  single  valued,  since  they  contain  square  roots.  Brekhovskikh ' s 

paths  of  integration  lie  on  the  sheet  for  which  , 

and  Xm  O  .He  notes  that  in  the  lower  med- 
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lum  the  field  of  the  refracted  wave  will  contain  the  factor 

a)  W.*"  -  •fcin*'  so  as  ^  -  oo  the  field 

will  remain  bounded.  In  our  formulation  with  the  v  axis  pointed 


down  we  will  have 


=5  ll  Co\  Co«t\  ^  3.  i fl¬ 
it'*  =  Ic  C('  k-“  -  t.*  CoS  cosk  k.*'  3.IS3 

In  order  to  avoid  having  the  field  go  to  oo  as  ^ -^oO  we  require 
^  O  in  the  lower  halfspace,  given  the  representation 

.  If  the  refracted  angle  were  at 

we  would  require  ^  O  in  order 

for  k-^'  <  O  This  would  be  equivalent  to  >o 

and  would  place  any  function  on  the  +  Riemann  sheet.  (We 

have  only  (+) ,  or  (-)  sheets  since  a  free  surface  exists  above  the 

waveguide).  For  finite  dissipation  and  ^  ,  so  the 

boundary  (branch  line)  oot  correspond 

actly  to  =iO  .  but  instead  to  b.-x**  —  O 


ex- 


i.e.  to 


So 


Su*v  ~  ki,  Co^  Gos(\  — O 


4cuv^  =  Co4«/nk 

ku" 


Z.\S*\ 


L 


is  the  branch  line  definition  in  the  plane.  In  chapter  5  we 

shall  use  a  relation  similar  to  equation  S.iS'f  to  characterize  a 

"speculative  angle"  of  incidence,  C£.  ^  ,  at  which  the  reflection 

SfOa. 
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coefficient  for  fixed  phase  velocity  shows  a  discontinuity  in  the 
locked  mode  region.  The  existence  of  the  discontinuity  will  be  shown 
to  arise  when  crossing  from  the  (+)  sheet  to  the  (-)  sheet  in  order 

that  propagated  angle  remain  <  ^  during  the  iterative 

search  for  eigenangle.  This  corresponds  to  choosing  a  different  root 
to  the  refraction  law  equation  because  of  imposition  of  a  physical 
constraint. 
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Appendix  3.1 


2  .... 

N  -linear  layers  with  dissipation: 

Layers  of  this  type  are  characterized  by  the  so  called  "pseudo- 


linear"  sound  speed  gradient  ^  "b 


ex- 


^A.i 

amine  the  effect  of  attenuation  on  wavefunct ions  we  again  allow  sound 
speed  to  become  complex  and  write  it  as 


= 


U3  C 


iA.iw 


uj  f  A.  b," 

with  dissipation  number  *  o..  constant.  The  index  of  refraction 

becomes 

C  o  C  U>  +  A.  C.’C'i)  ) 


Co 


i4.3 


and  the  Helmholtz  equation  becomes  complex 


*  C  f  4>(-i)  =  o 


a 


3  A-S 


here 


to''  I-.'  <<o  =  cw.)'-  -  ccr  V  A i  t 


f  .  H 

A 


LSI 


^  ^  '  Co  ,1^.1. 


U> 


- 


uJ 

^  2.civ:'u3 


AD-A079  5&2  «OODS  HOLE  OCEANOGRAPHIC  INSTITUTION  NASS  F/S  17/1 

ATTENUATION  OF  LOP  ORDER  NODES  IN  LOSSY  ACOUSTIC  PAVE  GUIDES, (U) 

DEC  79  H  D  LESLIE  N000l4-75*C-0A52 

UNCLASSIFIED  PHOI-79-91  NL 


VU  KiUHH'N  tvl  SiM  lilli'N  MSI  IIIAKI 


SA-  N  A  >-•  \ 


•  W  A'..  . 


(•  •  \ 
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Assuming  that  the  real  part  of  the  index  of  refraction  varies  as 


iA.S 


we  get  the  equation 


u>*” 

When  li/-«  O  the  substitution  5  =  cos  CTo  ±43  gives  the 


equat ion 


I  <l>Ci)  = 


whose  solutions  are  ^  as  we  saw  in  chapter  2.  To  solve  eq¬ 
uation  iA.(*  we  must  specify  the  dependence  of  Hamilton 

has  recently  shown  that  decreases  with  depth  in  ocean  bot¬ 
tom  sediments.  For  the  present  we  let  ~  a  constant 

within  an  N^-1  inear  layer.  When  the  coefficient  of  ^(3^ 

i n  equation  Z\.la  is 

^  N c-3)  - ko  ^  -4:j  -  c'Co^  ^ 

co^  CO 

For  constant  dissipation  number  we  can  define 


and  ^  ^  =  ■*■ 


so  the  complex  Helmholtz  equation  becomes 


3‘* 


n  .  li"  +  c.*- 1  =  o 

J  r  u  J  ' 


^  I 


lA.^ 


and  solutions  are  again  order  Hankel  functions  of  complex  argu- 

ment  co  3S  shown  below. 

We  refer  as  Brekhovskikh  did  to  Watson  (ref.  )  and  identify 
solutions  of  the  Airy  equation 


ill  -  c  ^ 


=  O 


as 


' (ll)  r CciJ^ 

'  H.  <L 


iA.io 


wi  th 


t=  ^ 


/  3  O 

so  that 

II 

(  2.) 

3  ^  Vu 

Here  ifp 

is  a  V  order  cylindrical 

function.  In  particular  it  can 

be  taken 

to  be 

t-O 

tly  = 

Hv  , 

Hv 

so 

'4 

1 

•  a-  ^ 

When  we  associate 


2_ 

-  c  = 


= 


xL  c  = 

a. 


we  get  solutions 


lA.ll. 


>'4 


SI=  (l)  I  tr,  C<C-<^)7  ^  ) 


=  ijf  Cv,(i  w.r) 


and  now 


VI 2. 


5  •=  COS  Qe  -  ^  2)  “  c(o)  ^ 


3A.I3 


Recal)  that  Brekhovski kh ' s  solution  was 

2(l]  = 


-c.  s  I  (  I 


and  !^  = 

•^3 


so  that  our  solution  differs  from  his  by  a  factor 


i¥ 


which  can  be  incorporated  into  the  coefficient^  A  and  &  .  There 

is  also  the  difference  in  the  definitions  of  ^ 

Morris  (ref.  Li,  )  has  also  included  attenuation  within  an  inhom¬ 
ogeneous  waveguide  layer.  If  one  corrects  the  apparent  misprints  in 
her  equations  (4)  and  (5)  so  that  the  substitution  of 

2  ^  iA.W 

into  the  Helmholtz  equation  for  N  -linear  layers 


<i  !,*•  '' 


rather  than 


'*1.-  CCa)' 


a  constant 


one  arrives  at  the  equation 


^  +  r  t  ii."-  k' )  V,''  *  xi  i 


•=  O 


rather  than 


—  *•  i,  ■ 

c)  'n.,'-  *■  J 


which  upon  transformation  with 


1  =  (  It*-  -  k.‘‘) 


docs  yield  the  Airy  equation 


•is." 


I,  i  -  O 


with  solutions  fl.  fllCsi  .  5,.,, 

where  A«.  's  the  Airy  function  and 

Unfortunately,  Morris'  next  step  of  introducing  a  sound  attenuation 

coefficient  kj  so  that  ki  *  f  ^  hi  (with  8.G8G  H. 

the  attenuation  of  the  sound  wave  in  dB  per  unit  length)  is  a  non¬ 
physical  extension.  It  does  correctly  describe  layers  in  which  both 

I  1  ^ 

and  h.  vary  as  \j  I  ♦  4.'^  •  t>ut  this  is  not  a  like¬ 

ly  layering  to  encounter.  It  does  not  precisely  describe  the  con¬ 
stant  attenuation  layer  which  Morris  claims  to  analyze  and  which  we 
have  attempted  to  analyze  approximately.  Two  parameters  are  required 
to  describe  layers  where  sound  speed  and  attenuation  vary  independent¬ 
ly.  Introducing  ^  K.,*'  after  manipulations  have  been 

t  \ 

made  on  the  original  equation  with  (.  i  '5  )  » 

same  as  asserting  ^  e  original  form  was 
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k.C^)  - 

^  '  «■  /i.^ 

^  .  I  — ^  /|  I  T 

■=^  N  U/8.^  *•  ^  k.  V  ‘ 


whenjhe  stated  that  k,  C-^)  k.  nJ  '  f  ^  C 

This  also  says  that 


“  [kN4.C]  [\|  i^AT^]  ('-Ai) 

i/^.L3 


The  desired  form  (for  constant  dissipation  layer)  is 

T  *- 


•<  X. 


•»•  k.  \1 1  i-yi.-^' 


which  we  have  approximated  as 


3fl.4.S 

in  order  to  get  1/3  order  solutions  as  Hankel  functions  of  complex 
argument . 

The  validity  of  our  solution  equation  34.11. on  the  approx- 

]  ‘  -  4 ~  ' 

That  is,  the  imaginary  part  of  the  coefficient  of  'ti  the  Helm¬ 

holtz  equation  3  4.(»was 

k>  I.  [c.^N'i]  *-  A 

we  set  ^  I  ±  ' Si  (  ^o'’  realistic  gradients  in  the  absence 


and 

of  absorption  we  will  find  turning  point  depths  given  by 


5  =  cos  o  ^ 


3  n.AO 


and  typically  J  ®  so  that  the  imaginary  part  of  the  coefficient 

is  bounded  for  real  incidence  angle  by 
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i  c'(o’) 

Co 

2 

at  the  turning  point.  Although  N  -linear  halfspaces  return  all  energy 
to  the  isovelocity  layer  overlying  we  expect  that  when  dissipation  is 
introduced,  “grazing  rays"  will  be  further  propagated,  so  we  expect 
angles  di  ^  to  propagate  to  longer  distances,  C(e  di  I 

as  des i red . 

To  see  the  limitation  our  approximation  places  on  phase  velocity 
recall  that  phase  velocity  for  the  incident  plane  wave  is  given  by 


Co 


Si/n  (io 


The  approximation  ^  ^  region  above  and  includ¬ 

ing  the  turning  point  is  wor^t  at  the  turning  point.  To  the  extent 
that  dissipation  is  small,  so  that  the  “Turning  Point"  in  the  pres- 
sence  of  dissipation  is  approximately  at  the  same  depth  as  the  turning 
point  without  dissipation  we  can  say  that  the 
coefficient 

I— - -  c_o 

3An 


>rr±^ 


Co 

~  SUVN  «<o  =  — 


So  for  the  term 


Ui  Coi 

it  is  necessary  that  Co^C^  dd  I  •  total  error,  however,  in 

the  imaginary  part  of  argument  of  comes  from 

<?o  ]  ^  ]  \  i  ^ 


and  as  angle  decreases  towards  normal  incidence  the  first  term 

is  expected  to  grow  at  the  same  time  that  the  second  term  is  more 
poorly  approximated  with  ^  ^  j  ^  '  V-  <  .  The  approximation  may 

be  justified  by  determining  through  the  characteristic  equation 
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and  noting  the  order  of  magnitude  of  error  in  our  assumption. 

To  see  how  our  complex  Hankel  function  approximat ion  argument 
compares  to  Morris'  treatment  note  that  Morris  uses 

S' =  ~  ^ 


and  the 


te™  I  f  i*.  ;))  )  '®  equivalent  to  our 

It.  «  1^'  W  v!' 


k:VA7»  [U^.k,)Aj 

We  will  compare  the  real  and  imaginary  parts,  versus  depth,  of  the 
arguments . 


We  have 


4  -J  ^  CO  J 


R.ct.S']  •  ^  [^cos,’’ c(o  1  -  CC^) 

to'- 

Twv[^]  =  I^[coi^<ra]  4 


3A.30 


iA.il 


3^.32. 


To  determine  the  real  and  Imaginary  parts  of  Morris'  Airy  argument 
note  that  the  term  , 

-(ik\ 

r  I'L'  .  :  iM  a  “1*^3 


LCk; ..  c)^A.  y 


is  constant  re  2  although  we  would  assume  K.  itself  would  have  to 
become  complex  to  satisfy  a  characteristic  equation. 

Denoting  K.'~  as 


K 


K.A  <  *^11 

1  J.  *  a.  *«  t_ 

j  -  K;.  -  + 

U3 

n 

=  constant 

iA.J3 

C-. 

The  first  term  of  Morris  argument  may  be  written 


c®k4 

e. 

<.®4 

e. 

where 


On  -  ©A 


(  -LiC  k! 


The  second  term  of  Morris  argument  is 


where 


SA.iC. 


iAM 


Then  since  z  multiplies  we  see  that  both  real  and  imaginary  parts 

of  Morris  argument  are  functions  of  z  through  .  Recall  that  our 


10) 


argument  Im  part  was  independent  of  z  after  the  approximation  ^ 

was  made.  The  real  part  of  ^  had  dependence  ^  -  3  ^ 

In  order  to  implement  the  Helmholtz  solution  given  by  equation 


'fi  V. 


with  ^ 


I  .e. 


wi  th 


=  C:^)  ■  [fl  Mv.c^)  .  B 

t  k.  O  r  V» 


•T  C  ^ 

^  1  ^ 


3^.H| 


"/  I 


U)‘ 


Ui 


Ve  need  to  match  solutions  in  the  neighborhood  of  the  turning  point 

2 

2^  =  2)  upper  interface  of  the  N  -i  inear  region 

being  considered  we  will  have  only  two 
unknowns  V,  and  A  to  determine  from 
the  two  boundary  conditions.  In  the 
nond i ss i pat i ve  case  Brekhovskikh  did 
this  and  showed  that 


I 


/I  *  G  exp  (iZ  ^ 

His  solutions  were 

3A.*/3 

^  ^  ,(v)  “1 

j  (<■  ^,)  ■*-  Hvj  C<  J 

i/V.MM 

below  the  turning  point  with 

y«x  «  t  0  I  *  -  -3"^ 

and 


was  <o  ,  but  real,  below  the  turning  point  and  ^  was  real. 


02 


Above  the  turning  point  he  used 


diet')  =  [a  *  bh^3(.*)_ 


wi  th 


^  '  3  ^  =  ^*<3)  <<ro 

and  since  at  the  turning  point  S  he  was  able  to  linearize  the 

Helmholtz  equation,  make  small  argument  expansions  of  the  Hankel  func¬ 
tions,  and  match  solutions  through  the  boundary  conditions  at  J  ■=  o 
/C>J 

The  term  ^  was  eliminated  in  order  for  the  field  to  go 

to  zero  at  infinity.  The  expansion  expressions 


for 


3^2 


and 


3A.l(, 


o 


yCt«  C  3  ^ 

3A.HT 

combined  with  continuity  conditions  on  and  at  gave 

the  two  equations 


13-  A  -  A  C  *.n^ 


3A.HS 


-  A  exfC-*-!';)  =  C*-?) 


3 

3  A.m«\ 


So  that 


A  =  B  tx(  C*-  ?)  C*"?)  ® 


1 
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Brekhovskikh  remarks  (ref.  I  )  that  continuation  relations 
could  have  been  used  to  obtain  the  field  above  the  turning  point 

once  the  form  below  the  turning  point  had  been  establish¬ 
ed  rather  than  joining  the  solutions  at  when  ab¬ 

sorption  is  present  ((<  complex)  these  continuation  relations  are  part¬ 
icularly  useful,  since  ^  =a  becomes  zero  no¬ 

where,  and  there  is  no  special  plane  in  which  to  join  solutions.  We 
note  that  Brekhovsk i kh ' s  expansions  of  -'A  ,  inorder  to  get 

,  I  ••  t. 

Hankel  function  n  approximations  around  ^  =0  i  involved 

Bessel  functions  of  pure  real  and  pure  imaginary  argument.  The  sol¬ 
utions  of  the  Helmholtz  equation  in  the  two  regions  has  the  same  form 
(i  •«.  H ,  H 1/3  ).  The  fact  that  the  argument  is  pure  imaginary 

in  region  2  (below  the  turning  point)  resulted  in  the  large  z  form 

lA  ^ 

(as  ->  *00  ) 


.  (*.)  I - T — I  < 

Mvj  C<  ^  -t 


iA.So 

and  coefficient  D  was  set  to  zero  in  order  for  the  field  to  be  finite 
everywhere . 

In  our  case  with  complex  index  of  refraction  we  write  the  solu¬ 
tion  on  either  side  of  the  newly  defined  "turning  point"  (arbitrary). 


=  a  ^  I*'*) 


iA.  Si 


and 


C.t  <?o  4.  2^k''(-i\c(o] 


u 


u:> 


I 


1  Oi* 


That  is,  we  preserve  the  solution  form  throughout  the  N  -linear  half¬ 
space,  but  introduce  a  depth  3*^^  at  which  matching  will  be  done  and 
where  solution  coefficients  may  change.  Since  the  large  argument  as¬ 
ymptotic  expansions  for  the  Hankel  functions  are 


,  c*l 

^  ^  1 

1  — ' 

1  TTk 

<.«f  u  («- 

\ 

3rt.5‘2_ 

j 

TTx 

1 

\ 

\ 

we 

see  that  wi th 

X 

1. 

=  J 

».o 

if 

we  let 

X 

o: 

t  i. 

ir  **-0  C 

3  ^ 

£_J 

1  u. 

be 

defined  as  the 

complex  numbe 

r  X  -  o:  = 

c\v<(9  we 

wi  1 ' 

1  have 

/I.  ~ 

'fz  ’ 

I  ^  ' 

1  TTx 

\a.+  A  ■=  1 

1 

\ 

✓ 

3R.S3 

CA  J 

a,  ^ 

Tr<  * 

+•4*2 

Then  if  ^  -  3 

:.[i 

3 

-  vr]>o 

and  — ^ 

as 

3 

the  function 

blows  up  and  must  1 

be  reject- 

ed 

in  the  solution.  If 

la  <  o 

and  -  oO  then  the  function 

M  Yj  c%) 

must 

be  rejected.  Recall  that  in  the 

nond 

i  ss i pat i ve 
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case  5  becomes  for  the  term  ^  becomes  pure 

S/j. 

imaginary  Brekhovskikh  has  ^  for  becoming 


H-l)  i.,.  for  I  -  /I  e  ,  [Ae  J  -  rt  e 

Note  the  choice  of  -  a  3*^  instead  nU  to  get  t  >0  and 
Co,  ”>  O  .In  our  case  we  will  have  to  eliminate 

k  -  v:] 

Co*"  CO 

In  the  limit  of  quantity  in  brackets  -  ^ 

along  the  negative  real  axis  in  the  complex  ^  plane  and  we  will 


C'l  .(i.) 

have  to  el  minate  the  o'"  '(j  the  re¬ 
gion  which  includes  ^  ,  depending  on  whether  t  is  taken  alone 

the  i  imaginary  axis.  We  have  some  latitude  in  setting  the  upper 
boundary,  ,  of  that  region.  We  have  no  special  plane  as  Brek¬ 

hovskikh  did  in  which  to  limit  the  region  in  which  we  will  take  solu- 


,  I  t'l 

tion  H  V-»  h  n 


from  that  in  which  we  will  take  solution 


K  or  H  only.  However,  we  can  arbitrarily 

pick  that  point  as  a  function  of  complex  argument  and  thus  z.  Since 
the  complex  argument  never  goes  to  zero  we  may  have  to  use  more  than 
the  first  terms  in  the  Hankei  function  expansion  to  make  the  match. 
But  once  the  match  is  made,  and  coefficients  calculated,  the  field 
will  be  correctly  described  at  its  boundaries  (z-zmnew,  and  z-  t>0  ) 

and  thus  determined  correctly  throughout  the  lower  halfspace.  The 
imaginary  part  of 
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is  fixed.  Then  we  know  as  oO  we  will  need  to  express  the  solu¬ 


tion  as  a 


function  only  of  ^^3  or  ^ ^**3 


In  addition  to  the  physical  consideration  of  a  finite  field  at 
^  oc  we  also  consider  the  asymptotic  nature  of  the  Hankel  func¬ 
tion  forms  as  representing  Incident  and  reflected  energy,  i.e.  trav- 
* 

eling  waves  going  in  the  +  or  -  direction,  and  then  eliminate  the 
M  or  H 

form  below  a  turning  point  on  the  grounds  that 
energy  can  not  be  arriving  as  a  traveling  wave  from  ^  a  &0  From 

the  expressions  (large  arg)  above  we  see  that  if  q>o  ,  b  >© 

(■>) 

M  represents  a  damped  traveling  wave  in  the  direc¬ 

tion.  (if  a  increases  with  z,  and  b  increases  with  z) ,  and  a  travel- 

ing  wave  in  the  -z  direction  if  a  decreased  with  z  increasing. 

represents  a  growing  wave  in  the  +z  direction  if  b  increases  with  z. 

It  is  a  traveling  wave  in  the  -z  direction  if  a.  ">0  and  increases 
as  z  increases,  and  a  traveling  wave  in  the  +z  direction  if  a  decreas¬ 
es  as  z  increases.  For  the  case  a=0  both  waves  are  standing  waves 
with  either  growing  or  decaying  behaviour  in  the  +z  direction  depend¬ 
ing  on  the  sign  of  b.  This  was  the  nond i ss i pat i ve  case  which  Brek- 

2 

hovskikh  treated.  Brekhovskikh  shows  that  in  the  N  -linear  layer  a- 
bove  the  turning  point  (for  ),  in  the  nond i ss i pat  1 ve  case,  the 


term  containing  A  i.e.  degenerates  into  the  reflected  wave  and 


r  ) 

that  containing  B  i.e.  into  the  incident  wave.  We  can  estab- 

A  traveling  wave  will  have  phase  dependent  on  z  as  well  as 
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/  'v 

lish  the  following  conditions  for  eliminating  solutions  M or 


Y3  in  the  lower  region.  Using  the  large  argument  asymptotic 


forms 


a<^ 

■3T  >0  a  wi  I  1  decrease  as  z  gets  large 

J 

“  will  be  a  traveling  wave  in  the  +2  direction 

I 

r(  will  be  a  traveling  wave  in  the  -z  direction 

ci  ^  ^  a  will  decrease  (or  go  more  negative)  as  2  increases 

•j  ^  will  be  a  traveling  wave  in  the  -z  direction 

will  be  a  traveling  wave  in  the  +z  direction 


%-  >0  b  will  increase  as  z  gets  large 
®  X  -  ./\\ 


will  grow  in  the  +z  direction 
will  decay  in  the  +z  direction 

b  will  decrease  as  z  gets  large 

f/ ^  will  decay  in  the  +z  direction 
will  grow  in  the  +z  direction 


Now  looking  at  the  argument  (which  is  also  Brekhovsk i kh '  s  when  It.  (jj 


t  k?  <  ir 

■<’3^1  -  3  j 


3  3  i  -  Cc-j) 


h  dco) 


t 


iA.SS 


Assuming  for  the  moment  the  usual  case  of  real  sound  speed  in¬ 
creasing  with  depth  (  -  sign  above),  the  Hankel  function  argu¬ 
ment  may  be  written 

CO  -J 


iA.SC, 


and  with  )(.  *■  «.V4.l3  we  have 


1  _  _■"*<  2.  \ 

^  ^  Uoi"c<oM\-W'(.\c(oiN  ' 


^3-  W'C^^cCoj 


•  •  /X  -I  /  1-  c‘to)  \  y 

+  <  sc-N  (_!:.  4^  - w -  MV 

Vcos"c<,  t^3-h.VcCo]^  I  -i 


3/).  SI 
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,  i  k- 

v  ,  K  x  y 

C<o  *  ^0  «-^  we  expand  COS  ^o 


or 


For  1l  finite  and 

to  get 

COS  %  *  t  1  A  COS  XfwCf  COJ^CJ  X<n^*C 

and  with  CC'i]  -  K/  independent  of  z  we  will  have 


Hankel  argument  x: 


^VL  fa-;'  (  ^%A.) 
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wi  th 


^IL 


=S  CoS  CosU  Up  -  Sw  ((p  -  <,  •  c  (o) 
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Al 


s  Z.  0>S  St-N^^'pCOS^t  C<‘^  ^  ) 
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only  Ar  is  a  function  of  z.  But  since 


Os.  ♦  V  k 


».  s  a  j  l^**-*' *  C6s(_'i  )  ^'*■‘■5 

k  =  i  j  [^  )  SA.o^ 

As  z  increases  the  term  increases  in  both  a  and 


increases  in  both  a  and 


b.  As 


[.Iil"-  ((-^i) )  =  ai 


The  term 


+  IT 


,i  -  TT  or  O 


3A.0S 


3  A'  OCr 


Since  the  real  part  is  (and  actually  goes  to  -az)  and  the  imag¬ 
inary  part  is  >0  .  Thus  we  see  that  the  angle  of  the  argument 

goes  to  3nd  we  have 


~  q£>  as  z 


b  gets  very  negative.  This  would  say  that  since 


4^  <0  H 


u  ^ 

will  decrease  in  the  +z  direction  and  q  will  increase  in  the  -t-z 


direction.  Therefore  to  avoid  having  the  field  go  to  infinity  in 
this  formalism  we  must  use  ^  ^  not  ((<■1 

in  the  solution  below  the 

turning  point.  Notice  also  that  since  O  but  is  itself  a  func¬ 

tion  of  z  (but  not  linear  with  z)  the  wave  below  the  turning  point  is 
no  longer  a  standing  wave  (in  the  asymptotic  expansion).  If  we  define 
the  turning  point  as  the  point  at  which  AR.-^  O  we  will  have 

^  hLo  “  ^0  -  C  ^  c(o) 


In  the  nond i ss ipat i ve ,  real  incidence  angle  case  this  becomes 

which  is  what  Brekhovskikh  uses.  The  angle  of  the  argument  of  the 
Hankel  function  then  will  vary  from 

iC'll  to  It  .4 

N 

As  ^  oo  Since  ^ 

faster  than  ^  ®  ^ 


so  both 


d  fa  < 


. /(M 

Then  we  require  as  a  traveling  wave  in  -2  direction,  and  also 

so  the  field  does  not  go  to  OO  Brekhovskikh  showed  that  above  the 

turning  point  ^  was  the  incident  wave  and  the  reflected 

wave.  Below  the  turning  point  he  had  standing  waves  and  eliminated 

.  We  have  shown  that  with  dissipation  the  waves  are  not 
standing  below  the  turning  point  (pure  imaginary  argument),  but  have 
complex  Hankel  arguments  whose  large  arg  asymptotic  expansion  gives 
both  traveling  behaviour  and  growth  decay  characteristics.  We  have 

however  had  to  eliminate  whiie  he  eliminated  . 

Looking  again  at  Brekhovsk i kh ' s  argument  of  the  Hankel  function, 
he  uses 

<(<l)  -  o'’  [c  .  A  e.,s 


and  then  has  ^  s  coi  ^ 


1/^*“^  rin 


A. 


so  that 


which  came  from  the  asymptotic  expansion 


Myj  (<a.)  ~  itf  [-<  C';-  ^ 


34.c,s 


so  that  for 


Coi 


<  c> 


{}]  *  (  1  coi  <<ol  C  'p' =  [lcos‘^0 €. 


^  u^-1 


so  that 


L  r- 


and  denoting 


t  j  -jii] 


^  yU. 


the  argument  of  the  Hankel  function  in  the  nond i ss i pat i ve  example  Is 
really  seen  to  be  —  .  So  depending  on  which  sign  we  choose  we 

can  have  either  ^  or  |*(  ^  go  to  oO  as  z  ao  .  Brekhov- 

skikh  chose  to  use  The  case  L’Cjl-o  wh  i  cn 

he  treated,  is  the  only  one  in  which  ambiguity  can  exist  in  the 
definition,  when  the  definition  of  is  restricted  to  the  prin¬ 
cipal  value  —  TT  —  ^  ^  H  I  f  he  had  chosen  to  use  the  + 


sign  in 


instead  of 


y.  i:<aV2 


he  would  have  had  -  _x  Instead  of  /k»  =  f<  /Ax 


Since  we  have  no  ambiguity,  we  will  choose  to  eliminate  n  instead 

... 

of  •  As  a  result  we  have  a  wave  below  the  turning  point  which 

not  only  goes  to  0  as  ,  but  travels  in  the  +  z  direction. 

Hatching  at  the  turning  point:  We  wi 1 1  have  fields  above  and  below 
the  "turning  point" 

t  [a  C-t  ^  f‘ ) .  B  K'/e,  ^ 


S4.72_ 


wi  th 


^  *  Coi  (<e  2.i  <l(o] 

^  CO*-  co 


<iCS]  *  Ctf  [/I  m';’ (..u!,)  ,  B 


or 
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/\z  ~  cx  C^‘  costy  (^“  Sin^  t<'‘  ■*■  fa..**  c(o] 

CO 

3  CoiiCCc*  -  3ln^^V  - 
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These  definitions  Ot,b  ,hx,  Aft. 


hold  for  ^ 


For  7>  WK 

*»€iO 


below  the  turning  point  we  have 


<^Ci)  =  ^)] 

and  again  no  ambiguity  exist  in  the  determination  of  the  root  of 
complex  ^  with  —  f  TT  (i.e.  ^  ).  The  factor  ^  *“ 

will  be  incorporated  in  the  expansion  of  q  around  c*^  —  o  , 

^  3  IJJiO  1  expanding  the  Hankel  functions  in  terms  of 

Bessel  functions  as  in  appendix  2.2.b.  and  expanding  the  Bessel  func- 

,  V 

tions  as  an  infinite  series,  in  terms  of  complex  argument  j  , 
we  obtain  infinite  series  for  and  in  the  two  depth 

^  3 

regions.  These  series  differ  from  Brekhovskikh ' s  expression  16.60 
(ref.  ,  p.  211)  in  the  multiplying  coefficients,  in  the  fact  that 
the  expansion  variable  is  complex  and  in  our  use  of  the  entire  series. 
Using  the  boundary  conditions  of  continuity  of  pressure  and  normal 
velocity  we  are  able  to  solve  for  coefficients  A  and  D  in  terms  of  B 
and  find  A=0,  0=ft.  This  says  that  with  this  method^or  appealing  to 
"cont inuat ion"^we  may  eliminate  the  growing  solution  throughout  the 
entire  constant  parameter  region  in  which  it  is  defined. 

When  the  same  approach  using  Cramers  rule  is  taken  to  Brekhov- 

skikh's  expansions  his  result  of  4  —  ^ 

C  “  follows.  His  coefficients  do  not 

match  ours  because  he  has  used  different  expansions  of  the  Hankel 
functions  above  and  below  the  turning  point,  where  his  arguments  are 
taken  as  pure  real  and  pure  imaginary  respectively. 

When  Brekhovski kh ' s  coefficients  A  and  C  are  used  as  in  the  non- 
dissipative  case,  the  reflection  coefficient  at  the  ocean  bottom  in¬ 
terface  for  model  2a  comes  from  the  boundary  conditions  at  z=0 


follows.  His  coefficients  do  not 


4  ^ 


C  I  ♦  ft. ) =  ("•‘■w/u)  ^YjCwl'^^c 


r  v.^3  Ci|  cO  ~7 

C  -cko  coi  (r^  ^‘*'S  ^  *  ^'1  J 
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^  A.'Vl  -V 
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14. 1(, 


fi,  -  -3  a)  »  ^  A  Cvl'^ » >l-il  7 

7^.  (U- 3  -  -/<. /t  C.i^f  4-i  )  j 


as  in  chapter  2,  and  the  Bessel  function  (of  complex  argument  now)  Is 
evaluated  at  z*0.  On  the  other  hand,  using  A=0  we  will  derive  the  re¬ 
flection  coefficient  starting  with  the  boundary  conditions 


C*'  (^Vt>  COi((o]  -  C~  ko  Coll^o)  [_U}^  H-i  (co)~J  B 


3/My 


In  this  case  the  reflection  coefficient  is  shown  in  appendix  3.2  to 


-Jt)  -  J-0 

-  J-i  ) 


iA.so 


The  argument  of  ’  .i'l  ’  is  as  we  have  seen  x*a-tib. 

With  a  complex  Bessel  function  routine  returning 

we  will  have  a  reflection  coefficient 
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iA.Ta_ 

Both  these  coefficients  are  functions  of  complex  incidence  angle 
-v  2 

(f0  at  the  top  of  the  N  -linear  layer.  When  0^  is  determined  it 
can  be  used  in  the  characteristic  equation  algorithmns  as  in  the  i so- 

V 

velocity  case.  is  the  angle  in  the  water  column  and  will  be  com¬ 

plex.  The  complex  Bessel  routine  need  only  calculate  at  z*0.  To  de¬ 
termine  complex  Bessel  functions  -iVj  ,  ,  JVj  .  of  complex 

argument  we  note  from  Watson  that  'S  an  analytic  function  of 

^  -  for  all  values  of  (  <x^i\  =0  possib  ly  excluded) 


and  its  an  analytic  function  of  p  for  all  complex  values  of  v 
We  use  the  formula 


oo 

m*o 


C-h 

1  P  ) 


lA. 


defining  to  be  f  phase  of  z  given  by  its  prin¬ 

cipal  value  so 

“  "U  ^  <■  "TT 


•1 
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Appendix  3.2  Reflection  coefficient  for  case  when  only  downgoing  Hankel 
waveform  is  used: 

The  boundary  equations  are 

1.  0  +  flL')  (  -  <.  w/.  )  =»  (-<  C S 

2.  (\  “  ^)  C  =  (-ko  ® 

3A.85 

Dividing  2  by  1  gives 
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Manipulation  gives 
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Chapter  ^4-  Modal  attenuation 


I4. 1  Introduction 

The  preceeding  development  allows  us  to  solve  for  complex  angles 
of  incidence  in  each  layer  and  to  calculate  reflection  coefficient 
magnitude  and  phase  for  each  layer.  For  mode  n  we  use  the  reflection 
coefficient  phase  with  ,  to  solve  the  intuitive  character¬ 
istic  equation  3.|0Tfor  eigenvalues  •  We  then  use  magni¬ 

tude  and  phase  to  iteratively  solve  the  rigorous  characteristic 
equations  3.loi  and  3.108,  for  eigenvalues  and  normal  mode 

poles  Our  goal  is  to  determine  modal  attenuation  coeffi¬ 

cients  as  functions  of  frequency  w  and  mode  number  n. 

In  this  chapter  the  attenuation  of  normal  modes  is  developed  from 
both  a  rigorous  and  physical  point  of  view.  The  rigorous  formulation 
follows  directly  from  the  field  equations  developed  in  chapters  2  and 
3.  The  intuitive  attenuation  coefficient  is  developed  as  an  integral 
of  vertical  and  horizontal  wavenumber  along  ray  paths.  Reflection 
loss  is  added  for  waveguides  with  bounding  layers,  and  modal  attenu¬ 
ation  arises  when  rays  are  associated  with  waves  comprising  the  modes. 
In  developing  this  intuitive  approach  we  examine  the  mathematical  re¬ 
presentation  of  waves  in  terms  of  complex  angles  and  discover  the 
physical  meaning  of  complex  angle  and  inhomogeneous  waves.  Intuitive 
dispersion  constraints  are  then  summarized,  the  source  wavenumber 
boundary  condition  reviewed,  and  the  intuitive  attenuation  coeffi¬ 
cient  related  to  the  rigorous  coefficient.  In  the  latter  part  of  the 
chapter  several  attenuation  coefficients  from  the  literature  are  de¬ 
veloped  to  the  extent  needed  for  inclusion  in  our  acoustic  models. 
Comparison  of  the  coefficients  is  left  to  chapter  5. 

4,2  Modal  attenuation-  Rigorous  formulation 

Rigorous  modal  attenuation  is  included  in  the  range  dependent 
term  of  the  acoustic  field  equation  Brek.  26.7  (eq.i.UT)  or  Brek. 

27.^2  .  The  mode  decays  as  li^\  Xu*v(^)  •  ranges 

such  that  I  K.r  4u\<<.  I \  we  may  use  the  asymptotic  approximation 
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and  for 
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We  identify  the  modal  attenuation  coefficient 


Lv  1 

Cl,.  -=  W^(u5,n) 

- 

M.S 

^♦.3  Modal  attenuation-  Intuitive  formulation 
4.3.1  Physical  basis  of  inhomogeneous  waves 

It  is  intuitively  puzzling  that  the  imaginary  part  of  the  hori- 

1  A/ 

zontal  component  of  wavenumber  will  be  zero  in  a  nonabsorbing 

ocean  for  real  incidence  angles  (equation  3.^1^.  with  =o  , 

If 

I  -  O  ),  but  the  desired  mode  attenuation  coefficient  has  been  set 
equal  to  in  the  past  (ref.  ).  The  fact  that  this  confu¬ 

sion  still  exists  is  demonstrated  by  a  recent  journal  article  (ref. 

31  )  where  real  incidence  angle  is  still  used.  Since  the  horizontal 
wavenumber  in  all  layers  is  a  constant  for  a  wave  at  any  particular 
frequency  by  Snells  law,  transitivity  of  Snells  law  suggests  that  the 
imaginary  part  is  also  equal  in  all  layers  (i.e.  LHS  of  eq.  3.5'C» 

RHS  of  eq.  3.S(r  =0  for  arbitrary  i).  We  are  using  independent  vari- 
bles  with  1}.^  related  to  fre¬ 

quency,  sound  speed,  and  attenuation  in  the  medium.  But  how  do  we 

in  ^ 

choose  and  ?  The  rigorous  formulation  provides  as  sol¬ 

ution  to  the  characteristic  equations.  The  intuitive  formulation  uses 
real  incidence  angle  in  the  source  layer  per  a  spherical  wave  decom¬ 
position  (excluding  those  inhomogeneous  waves  in  the  expansion  for 
which  ^  C-  ocean).  The  effect  of  horizontal  propagation  of 

a  plane  wave  is  expressed  as  Q  <  tx  j  where  ■» 
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^  1^1 

X  k  «  A.  'f!  coaK  If!'  -  k*'  cos  *<n^  tt")  ”“ 

(_  k  Co«  l<'*  •*•  k  tt«^  k*  to^k  k") 

The  effect  of  upward,  vertical  propagation  is  given  by 

-  k  C05  << 

-  A.  k.^  -«  -A  ^  k  Cos  <<'  coak  f  k**  5w>v  k.  k**  ) 

C  k'*  cos  <«’  coakk"  ^  k'  su^k' k''J 

Using  the  notation  of  equations  horizontal  propagation  in  the 

+x  direction  is  expressed  by  (<  k»  *-k^')  yc  and  vertical  propagation 
in  the  -z  direction  by  Ak'^  ♦- ))  .  Note  that  when 

the  medium  is  nondi  ss  i  pat  i  ve  kf-o  exponential  horizontal 

propagation  factor  becomes 

-  k.'  cos  t<'  Sinkk"  4  ;  (t!  c.cs(\  c<'‘ 

is  required  for  unattenuated  propagation.  The  vertical  propagation 
factor  becomes  -ksc-^k*  S«xk  t^'*  -  a.  k  Co**?  cosk^**  .When 
and  k*^  3re  both  set  *  0  in  the  layer  of  incidence  i  the  Snell's 
law  equation  become 

/  ''  ,  f  ■  t/)'  /  '•  i  II  '  ,  •< 

'a.  «■  kxM  Cosk  ~  k,^4j  Cos  ^ Sink 

I  I  I  ff  II  t 

O  ^  Ca^  ^<i-i  Sinl\  kx+f  ♦  kx,t.(  S£.*v  ^fi-i  ccsk 

V*"? 

If  layer  i  +  1  is  nond  i  ss  i  pat  i  ve  and  •tx'W  .  necessarily 

(a/'  SO  layer  i+1  is  dissipative  Vx+i  4^0  3nd 

a  solution  for  O  is  obtained.  Note  also,  that 

eq  4. A  is  eq  ^.6-  eq  ^.7  of  Snell's  law,  so  that  Snell  guarantees 
that  both  the  imaginary  and  real  parts  of  the  horizontal  propagation 
factor  are  separately  constant  for  all  layers.  Thus  we  can  specify 
the  real  part  of  horizontal  phase  velocity  alone  as  the  independent 
parameter  in  the  generation  of  dispersion  curves  with  eigenvalues 
.  The  imaginary  part  of  wavenumber,  constant  throughout 
the  layers,  will  change  as  the  angle  is  changed,  for  constant 

real  horizontal  wavenumber  component  KCCf)  •  Ne  ither  the  phase  nor 
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amplitude  parts  of  the  vertical  exponential  propagation  factor  re¬ 
main  constant,  however  from  layer  to  layer. 

The  condition  lm{kx)=0  in  all  layers  including  those  where  dissi¬ 
pation  occurs  is  a  result  of  the  plane  waveform  of  the  source  (its  de 
composition  into  plane  waves),  the  stratified  layering  model,  and  the 
assumption  of  real  Initial  incidence  angle  in  the  source  layer.  For 
complex  source  angles  the  lm(kx)=constant^O  in  all  layers.  Intuitive 
ly  this  becomes  clear  by  observing  the  ray  paths  followed  by  a  wave- 
front  traveling  from  a  nond I ss i pat i ve  ocean  halfspace  into  a  dissipa¬ 
tive  isovelocity  sediment  halfspace. 


Referring  to  figures 

4.1. a.  and  4 . 1 . b .(  Ref ract i on  of  homogeneous  waves  into  a  dissipative 
hal f space  ) 


The  wave  at  raytip  A  in  figure  4.1  will  have  the  same  amplitude 
(different  phase)  as  that  at  raytip  B  because  both  have  traveled  the 
same  total  distance  in  layer  2.  Yet  they  are  at  different  horizontal 
positions  and  the  same  vertical  position.  Thus 


(t 


.1 


e. 
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I  ** 
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=  constant  within  a  homogeneous  isovelocity  layer.  Raytips  B 
and  C  are  at  different  vertical  positions  and  the  same  horizontal 
position.  Their  amplitudes  will  be  different  because  they  have  tra¬ 
veled  different  total  distances  in  medium  2.  Recall  the  property  of 
real  wavenumber  components  kx  ,  ,  for  real  incidence  angle 

that  the  phase  change  ^  in  going  from  points  A  to  C  (see  figure 

4.1.l>)  on  a  raypath  is  the  sum 


S'  kx  4- 

•  Ax  C  k 

=  U.‘(stv,.©  A^  V  Cos  ®  •  ^  =  k . 
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The  amplitude  decrement  from  A  to  C  over  length  ^  is 

!».  AK  V  CoS  ,• 

for  the  case  where  *  Ift  '  ^»  and 

could  be  used  to  relate  amplitudes  of  points  Xi  and  /z. 
on  a  raypath.  They  cannot,  however,  be  used  for  amplitude  comparisons 
of  points  off  a  ray,  simply,  without  introducing  because  these 

points  have  different  histories  involving  boundaries  and  previous  lay¬ 
ering  encountered.  For  example  in  figure  ^.2.  the  phase  at  time  t,  at 
wavefront  points  A  and  B'  which  do  not  lie  along  a  raypath  should  be 
related  by  b.*' A  .  where  =  the  distance  A  A*  normal  to 
wavefronts  passing  through  the  two. 

b.- A  ~  AX  ^  b.>c  '  Ax 

The  log  amplitude  decrement  will  be  ‘Ax  •  b  s  X  ~  b.  •  ^ 

when  the  point  B  is  in  medium  2.  But  the  point  B  and  A  have  different 
amplitudes  although  on  the  same  phase  front,  so  that  to  correctly  re¬ 
late  amplitudes  at  A  and  B',  using  the  coordinates  of  the  two  points, 
must  be  modified.  In  fact,  the  correct  modification  is  to  in¬ 
troduce  an  imaginary  part  of  angle  such  that  the  amplitude  decre¬ 

ment  is  0  from  A  to  B'. 

In  this  intuitive  formulation  of  attenuation  we  may  determine  the 
complex  angles  required  for  wave  representation  in  underlying  layers 
by  imposing  the  "correct"  attenuation  along  a  raypath,  when  fa.,"*  =0. 

That  is,  we  require  of  a  wave  of  real  incidence  angle  refracted  from  a 
nond i ss i pat i ve  halfspace  into  a  dissipative  halfspace  that  amplitude 
be  independent  of  x  but  dependent  on  z  and  equal  to  that  calculated  by 
following  the  raypath.  Then  in  the  dissipative  medium 


v./a» 


with  A  the  arc  length  along  a  ray  from  the  point  of  incidence 
(0,0)  to  same  point  (x,z)  see  fig.  l*.l.b.,  with  A=(0,0),  c»(ax,/^) 
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Using  equation  k.\H  we  can  eliminate  k  from  equation  ^.13 


It*  -  -  1^,*^  Sl^  &'  cesH 

cosi  &  '  imtv  0" 


so  that  in  equation  A.1JL 
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is  required.  Now  ^  ''®3l  and  related  to  the  real  inci¬ 
dence  angle  ^  connecting  points  A  and  C  .  Substi¬ 

tuting  for  ^  on  the  LHS  of  equation  A.l£we  can  equate  the  actual 
attenuation  along  the  raypath  at  real  angle  ^  to  that  using  the 
required  complex  angle  fe 

-  W"  uss.k 

coi  ^  coi  e/ 


Co\  &' 

cotCy.e'' 


-V./G 


For  small  dissipation  coitv  b**  ~  t  ^nd  J  csi  £>'  This 

says  that  the  wave  function  at  depth  z  within  a  dissipating  medium  has 
local  amplitude  dependent  on  complex  angle  ^  satisfying  the  bound¬ 
ary  conditions.  That  amplitude  is  equivalent  to  the  amplitude  of  a 
plane  wave  propagating  along  a  ray  direction  at  real  angle  J  be¬ 
tween  the  origin  and  the  point  (x,z).  In  the  limit  of  zero  dissipa¬ 
tion  the  ray  angle  ^  is  identified  with  the  real  part  of  the  com¬ 
plex  angle  b  .  For  finite  dissipation  they  differ. 

Thus  we  see  that  complex  wavenumber  within  a  layer  describes 
propagation  effects  along  a  wavefront  only  when  combined  with  actual 
initial  amplitudes  and  phases  along  the  wavefront.  Boundaries  may 
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destroy  equ i amp  1  i  tude  of  a  plane  wavefront  when  not  normal  to  the  r.jy 
direction.  In  fact,  defining  a  plane  wavefront  as  a  line  of  equiphase 
(phase  S  )  we  find  that  plane  wavefronts  will  gener¬ 

ally  be  nonequiampl i tude  fronts.  Plane  wave  refraction  in  multilay¬ 
ered  attenuating  media  requires  a  constant  horizontal  attenuation  co¬ 
efficient  equal  to  that  !m  l^hor  izontal  wavenumber^  for  the  layer 
within  which  the  source  is  located.  When  source  is  decomposed  into 
plane  waves  whose  phase  fronts  are  also  equiampl i tude  fronts  (homo¬ 
geneous  plane  waves)  refraction  into  absorbing  layers  will  produce 
inhomogeneous  plane  waves  whose  amplitude  decays  away  from  the  bound¬ 
ary  along  the  phase  front.  Inhomogeneous  incident  waves  will  be  sim¬ 
ilarly  transformed.  The  nature  of  inhomogeneous  waves  in  the  water 
column  is  examined  further  in  section  4.H. 


4.3.2  Ray-mode  analogy 

Ray  attenuation  could  be  determined  now  by  integrating  the  hori¬ 
zontal  and  vertical  attenuation  factors  as  the  ray  travels  over  a  cy¬ 
cle  through  upper  and  lower  turning  points  2)u.  »  3  jj.  •  Strictly 

speaking  the  discussion  of  section  4.3.1  holds  only  for  isovelocity 
layers  where  upper  and  lower  turning  points  will  correspond  to  re¬ 
flective  interfaces.  We  are  saying  here,  however,  that  if  sound 
speed  and  density  change  gradually  so  that  reflections  can  be  ignor¬ 
ed  attenuation  may  be  calculated  as  a  line  integral  over  local  com¬ 
plex  wavenumber.  This  is  equivalent  to  WKB  approximation  with  com¬ 
plex  vertical  wavenumber  used  only  in  the  exponent.  Upper  and 

lower  turning  points  and  ^  are  then  refractive  turning 

points  where  the  real  part  of  vertical  wavenumber  goes  through  zero. 

Modal  attenuation  coefficients  could  be  determined  by  dividing 
the  total  ray  cycle  attenuation  by  the  horizontal  cycle  length  L 
and  associating  ray  with  traveling  waves  comprising  the  modes.  With 

generalized  horizontal  and  vertical  wavenumbers  •  'is  ti) 

V 

if 

By  generalized  wavenumber  components  we  mean  ^  such^that  the  wave_y 
may  be  represented  by  the  exponential  function  i  .■? .  T 

is  a  complex  vector  function  of  coordinates.  In  the  WKB  approximation 
it  would  be  a  phase  integral.  In  isovelocity  layers  it  would  be  the 
usual  wavenumber. 


and  ray  cycle  length  L{®)  for  real  source  incidence  angle  © 
The  mode  would  attenuate  oy  a  factor  A(x  ,6  )  over  distance  .x . 

A(<,9)= 


Here  L  (_  0*^  is  the  ray  horizontal  cycle  length 

L  -  i  ^  C8»'  <! 

A  C 


The  first  integral  in  the  exponent  is  over  the  imaginary  part  of  ver¬ 
tical  wavenumber  normalized  by  horizontal  cycle  length.  The  second 
integral  gives  the  horizontal  contribution  to  attenuation  along  the 
ray.  The  modal  attenuation  coefficient  due  to  absorption  in 

the  source  layer  would  be 


^3  -  JL  ^  (  k  Ce>sl\((^'  -  k  S*-sC<  Six 

^  y  (u!  cosi;' sikK <<*  t  tu.<b(>. 


Complex  incidence  angle  at  the  source,  (^o  ^  *■  *  ((o**  ,  will  be  a 

function  of  00  ,  for  normal  modes  through  the  characteristic  eq¬ 

uation  and  an  additional  constraint.  Note  that  for  real  source  exit 
angles  equation  4.1*f  becomes  an  integral  over  only  vertical  attenuation 
since  both  k.*'  and  water  column  and  thus  kx  =con- 

stant“0.  Note  also  that  the  attenuation  for  a  ray  passing  through 
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(x,z)«(0,0)  to  (x',z')  is  not  the  same  as  the  modal  attenuation  from 
point  (0,0)  to  (x' ,z' ) unless  z’"0.  That  is  the  ray  that  will  have  am- 

plitude  ^O,o|  ,  The  mode  will  have  amplitude  A(0/o)  6. 

The  intuitive  ray-mode  attenuation  coefficient  then  ascribes  to 
the  mode  the  same  attenuation  as  the  constructively  interfering  tra¬ 
veling  waves  which  compose  it.  In  infinite,  continuously  stratified 
media  all  points  on  a  traveling  wavefront  will  suffer  identical  at¬ 
tenuation  as  the  simplified  drawing  figure  4.3  illustrates  for  the 
component  which  starts  out  downward  and  ends  up  upward  in  an  inhomo¬ 
geneous  ha  If space. 


4.3.3  Reflection  loss 

In  multilayered  media  the  actual  emergent  energy  at  any  point  B 
will  result  from  multiple  reflections  and  refractions  in  the  under¬ 
lying  media.  The  reflection  coefficient  gives  the  complex  ratio  of 
the  reflected  wave  function  (say  plane  wave)  description  of  that  ener¬ 
gy  to  the  wave  function  description  of  the  incident  energy.  Energy 
contributions  are  received  from  segments  of  the  original  source  plane 
wave  fronts  extending  back  infinitely  in  the  x  direction.  The  steady 
state  emergent  amplitude  is  used  at  every  interface  to  establish  co¬ 
efficients  for  the  traveling  wave  components  within  the  waveguide. 

The  decay  of  these  waves  within  the  source  layer  is  traced  by  the 

and  V  integral.  Thus  we  are  led  to  adjust  the  integration 
limits  in  the  intuitive  formulation  from  "turning  point"  depths 
and 


3w 

lil 


,  to  waveguide  source  layer  boundaries 


,  and  to  adjust  the  wave  amplitude 
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by  the  combined  upper  and  lower  interface  reflection  coefficients. 
Then  for  multilayered  media  the  intuitive  modal  attenuation  coeffi¬ 
cient  becomes 


*•1 


X  ^  .  L  *  I  - 


^  3 
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^  ) 


So  that  the  attenuation  factor  after  a  distance  x  will  be 

(ij  +  -U.X 

^  e.  i.((toj  •  ^ 


V.^o 


In  these  formulae  and  are  interface  depths  for  top  and 

bottom  of  the  source  layer.  The  exponential  attenuation  factor 
due  to  boundary  reflection  loss  arises  from  noting  that  the  complex 
reflection  coefficients  from  above  are 

2  y3  4  ^  V,2.2. 


Then  the  effect  of  both  imperfect  reflections  over  a  reflected  cycle 
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and  the  decrement  of  amplitude  per  horizontal  distance  due  boundary 
interaction  is 
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where  ^  \  ~  ^  ^  incident  ampl  i  tude.  Then 
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Equation  4.19  is  appropriate  for  calculating  loss  in  an  absorptive 
duct  (muddy  SOFAR  channel)  within  which  phase  integral  approximations 
are  valid.  That  is,  within  a  channel  where  characteristic  impedance 
varies  continuously  and  within  which  partial  reflections  are  ignored. 
Equation  4.2.0would  be  used  when  discrete  characteristic  impedance 
changes  occured  and  phase  integral  approximations  were  invalid. 

Equation  A.l^would  describe  an  arbitrary  number  of  layers  which  could 
be  dissipative  or  not  and  of  arbitrary  velocity  variation,  provided 
appropriate  formulae  for  and  are  available.  In  chapter 

5  we  will  examine  results  for  the  intuitive  attenuation  coefficient 
with  =0  I  •  Attenuation  is  then  due  only  to  . 

4.3.4  Summary  of  Dispersion  Constraints  for  Intuitive  Propagation; 

In  a  physical  formulation  of  the  problem  we  use  a  characteristic 
equat i on  for  nond i ss i pat i ve  media,  or 

,  for  both  dissipative  and  nond i ss i pat i ve 
waveguices.  The  propagation  variables  are  eo'  ,  co"  ,  II*  .  ,  C(' 

.  C  and  S  CiO^  are  specified  for  each  layer  so  that  for 
real  frequency  O  the  layer  wavenumbers  are  given  by 

k.  ■  II  1-  k.*  ^ 

The  source  emits  waves  at  angle  with  wavenumber  we 

have  four  independent  variables  given  ll,'  ,  t."  .  These  are  OJ*  , 

or  oj*  ,  •  'ti  the  steady  state 

there  is  no  temporal  decay  so  that  dispersion  constraint  number  one  is 
lm(w)3w"”0.  Then  when  another  variable,  say  is  chosen  as  the  in¬ 

dependent  variable,  the  characteristic  equation  3.)/i.  will  fix  one  more, 
say  w',  is  left  as  a  free  variable.  A  requirement  that  imaginary 

part  of  group  velocity  lm(u)=0,  could  determine  complex  fc.x  ,  as  it 
did  for  Phinneys  (ref.  Ml  )  transients.  However,  our  analysis  has 
preserved  Re(k2  and  lm(kj^  throughout  the  waveguide,  consistent  with 
complex  Snell's  Law^and  the  second  requirement  we  will  impose  on 
in  our  physical  formulation  is  that  lm(kx)=kx"  of  the  spherical  wave 
expansion,  corresponding  to  the  first  section  of  contour  fj  in 


figure  2.5,  along  the  real  axis.  However  we  should  now  consider 

how  fundamental  that  contour  really  is. 

The  contour  relation  for  W*'  and  ttx*  'S  discussed  by 
Ak.i  (ref.  3jL  )  and  Bre^l^ovski kh  amoung  others  and  leads  to  equation 
Brek.  l8.15  given  on  page  31  and  to  the  source  layer  incidence  angle 
contour  shown  in  Brek.  figure  90.,  and  in  our  figure  2.5.  In  the  ex¬ 
pansion  of  the  spherical  wave  into  plane  waves,  equation  Brek.  18.15 
was  continued  into  space  by  adding  the  term  ~  A  to  arrive 

at  Brek.  18.1?.  This  can  be  shown  (see  Aki)  to  result  also  by  starting 
with  a  3”D  wavenumber  representation  of  the  spherical  wave 
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and  carrying  out  the  integration  with  respect  to  kz  bv  extending  kz  to 
complex  values  and  applying  Cauchy's  theorem.  Then  two  poles  are  at 


^3  = 


Introducing  small  attenuation  makes  c  complex  and  shifts  the  pole  pos¬ 


ition 


Pole  positions  are  indicated  in  figure  4.5.  Integrating  over  kz  by 
contour  integration  in  the  upper  or  lower  kz  plane  depending  on  the 
sign  of  z  yields 
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becomes  real  and  the  plane  waves 


represent  inhomogeneous  waves  propagating  parallel  to  the  x-y  plane 
and  changing  amplitude  most  rapidly  in  the  z  direction.  Implicit  in 
the  above  is  that  the  attenuation  introduced  to  move  the  poles  off 
the  real  axis  does  not  alter  the  Fourier  decription.  That  is,  the 
integration  paths  are  still  over  real  values  of  kx,  ky,  kz.  These 
integration  paths  are  fundamental.  For  the  Sommerfeld  integral  in 
terms  of  complex  angles  the  integration  variable  is  change  first  to 
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The  integral  is  further  transformed  using  incidence  angle  ^  with 
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The  integration  limits  are 
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Our  expressions  for  kx '  and  kx"  as  functions  of  con, p lex  sound  speed  and 
incidence  angle  are  given  in  equations  page  7^,  where  and 

will  vary  so  as  to  satisfy  the  boundary  condition.  The  "boundary 

'V/ 

condition  at  the  source"  is  that  lie  on  the  contour  shown  in 

figure  4.6,  Along  this  contour  in  interval  (l) 

k.' 

Ji.  .L" 

Along  contour  interval  (2) 

IlI.  =  <-e>^k  C<'’  •  4— 


since  lu^Cv  C^'*^  0 


Coxtv  .  1. 
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Since 
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I  long  (2) 
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But  the  contour  is  valid  for  infinitesimal 


Along  the  entire  contour 


lm(c)  ^  K"  — >  0  and  k^'  0.  For  finite  K"  we  must  modify  the 

solution  to  the  inhomogeneous  wave  equation,  since  the  transform  pair 
expressed  by  Brek  l8.11  or  by  equation  4.26  above  holos  for  real  kx, 
ky,  kz  only  when  k(c)  is  real.  For  the  present  we  rote  that  for 
sources  in  the  ocean  V.^' «  O  could  follow  the  contour 

(5<  ^ or  k"*0.  We  really  have  no  constraint  how- 


ever  if  the  decomposition  is  nonunique  in  the  complex  space.  The 

Fourier  transform  may  L»e  unique.  The  transformation  to  anqular  cooid- 
inates  <(>  and  ^  certainly  is  not,  since  we  could  have  chosen  in¬ 
homogeneous  waves  propagating  parallel  to  any  plane  through  the  source. 
But  for  sources  in  the  ocean  we  can  impose  physical  constraint  (2), 
kx"*0  and  the  contour  definition  Cfi  ) 

We  consider  the  contour  above  to  be  the  source  boundary  condition  in 
the  physical  formulation.  It  says  the  source  is  emitting  waves  at 
these  real  wavenumbers.  It  has  no  meaning  in  the  rigorous  treatment 
since  the  spherical  wave  representation  is  nonunique  in  terms  of  in¬ 
cidence  angle.  It  does  however  retain  the  physical  quality  of  real 
angles  of  incidence  along  contour  segment  (l)  of  in  the  non- 

dissipative  source  layer.  The  contour  integral  solution  determined  by 
the  rigorous  characteristic  equation  says  the  greatest  contribution 
to  the  field  integral  comes  from  certain  inhomogeneous  waves  of  com¬ 
plex  incidence  angle  and  wavenumber.  The  physical  formulation  says 
we  start  with  homogeneous  waves  and  select  out  those  which  interfere 
constructively.  The  physical  formulation  has  the  computational  ad¬ 
vantage  of  reducing  the  number  of  degrees  of  freedom  in  the  angle  sol¬ 
ution  to  the  characteristic  equation  from  2  to  1,  significantly  re¬ 
ducing  the  number  of  steps  required  for  iterative  solution. 

4.4  The  relation  between  the  intuitive  attenuation  coefficient  and  tiie 
attenuation  coefficient  calculated  with  the  accepted  period  equa¬ 
tion: 

We  have  outlined  above  the  physical  considerations  leading  to  t ne 
intuitive  modal  attenuation  coefficient  represented  by  equation  4.19. 
They  were  expansion  of  the  source  in  a  nond i ss i pat i ve  layer  into  plane 
waves  whose  angles  of  incidence  were  real  in  the  ocean,  reflection 
loss  at  the  boundaries,  constructive  interference  of  .modal  component 
waves,  and  modal  attenuation  equivalent  to  that  of  the  superimposing 
waves.  Modal  attenuation  was  appended  as  a  coefficient  not  as  an  im¬ 
aginary  part  of  angle.  The  charac ter i st i c  equation  was 

<t>'  I  f  <t»'l  ♦  Y.37 

Only  the  phase  of  the  reflection  coefficient  was  used.  The  eigenvalues 
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“  then  lay  along  the  contour  I  .  We  did  not  worry  that 

the  eigenangles  were  on  the  contour,  because  we  were  not  calculating 
the  field  with  a  complex  integral. 

The  accepted  period  equation,  used  by  Brekhovskikh  requires  that 

We  examine  below  the  implications  of  these  choices. 


The  accepted  period-  locating  the  poles: 

We  can  write  the  period  equation  explicitly  in  terms  of  complex 
angle  of  incidence  ^  complex  reflection  coefficient 
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Note  that  ^•Y(?  insures  that  there  is  constructive  interference  of  waves 
at  angle  Y-V/  relates  the  dissipation  in  the  oound- 

aries  to  the  apparent  dissipation  in  the  layer.  In  fact  it  requires 
that  the  vertical  propagation  loss  (acutally  a  gain)  in  the  laver  ex¬ 
pressed  as  b.  K 

exactly  balance  the  reflection  loss.  Then  the  only  net  loss  from  prop¬ 
agation  at  angle  with  reflection  will  be  contained  in  the  horizontal 
propagation  factor.  The  angle  for  which  vertical  propagation  gain 
and  reflection  loss  are  balanced  will  induct  a  horizontal  decrement 
given  by  the  usual  e/*  ’  where  s 


in  a  dissipationless  layer. 

To  see  this  more  clearly  examine  the  phase  and  attenuation  terms 
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kx',  kx",  kz‘,  kz"  for  a  nonattenuating  isovelocity  source  layer 
(k"»0) .  Then  us i ng 

=  COs(C(*»^  <^"j  ■  C.OS  <  cosK  -  A.  •<*' 

cosk(<.*  f  co^  K* 

and  with  propagation  represented  by  ^C.  (.  cos  <C  •  <  ) 

we  have 


*r  ;  k,  ^  V.  cax  ^ 


c  - 

x^l 

“a' 

= 

1  '  •  ' 

<  k  ■Sc-v 

cos^ 

1  1 
-  k  cos  k. 

k  ^ 

V.V3 

'‘i  = 

i:^[ 

\u! 

^  k‘  cox 

Cozk  Kl" 

v.Yy 

It 

«  <n 

'  ^  L' 

<•05*^3  “ 

1  *  * 

k 

S-vk  ‘C" 

Note  that  propagation  in  the  +x,  +z  direction  gives  amplitude  decay 
for  +x  but  amplitude  increase  for  +z  i  f  (<“-?•  o 
i  .e. 

W'  >0  for  "<■" 

and  O  ^  ^ 


Phase  changes  are  both  >0  as  would  be  expected.  For  a  layer  in 
which  dissipation  occurs  (k'VO)  we  examine  the  full  expansion  of  kx', 
kx",  kz',  kz" 
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The  behaviour  of  the  terms  for  increasing  x,  z 

at  angle  ‘C 

i  s  as 

shown  below  with  P  A  ^  phase  associated  with,  I 

S  am- 

plitude  associated  with. 
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increases 

Y.d'i 

pL‘iiCv’)l=  PL^“  k"! 

i ncreases 

ALIiJCVII  '  fl[-k'c»it.'s..Ak"] 

decreases 

A  ik;  -  l\[<'  Si-k'  t^kk"] 

decreases 

i-  sr 

/\  Ck*)"]  “  A  ^k  ii..!.  k."^ 

increases 

Y.r<i 

A  [^k^  ~  ^  []~k*  coi  k*  cosk  k''"] 

decreases 

Y.rr 

We  see  that  the  terms  kz"(k')  and  kx'(k"0  vary 

in  d i rect ions 

contrary 

to  what  we  physically  expect  for  a  progressing  wave.  The  contrary 
terms  both  contain  which  is  expected  to  be  small. 

K.i(V')  <  if  -Vcos  s...!,  <<*  <  k' •<" 

(ie*)  ^  C^'*]  ^  ^  09i  <.e>z^ 

Y'S‘j 

As  far  as  the  dissipationless  source  layer  goes  we  are  left  with  an 
amplitude  relation  in  the  characteristic  equation 


of 


a(^-  ^  {(^  *uaI\  ^"3 

'  ■e.  i  I, k  [»“'<<' S'~‘l‘c"]  represents  a  growth  for  ^(**>0  , 

‘  •>o  ;  -  _  (^''^  represents  a  decay.  With  no  leakage  O 

the  characteristic  equation  requires  .  With  leakage 

4JLW^.  Su^C^*  balances  leakage  and  horizontal 

decay  is  (^-  1^.'  cos  C^'  ;C  =  •  < 


y.G/ 


El i m i na  t i ng 
of 


-kice.,'  = 

L  A kk  suv.(<' 


gives  rigorously  a  horizontal  attenuation  factor 

■■  4>''t  *  *'1 


Aiv  lovs 


=  k 


.  X 


'A 

y(r2_ 

This  is  just  reflection  loss  divided  by  horizontal  cycle  length,  using 
only  the  real  part  of  angle  to  calculate  cycle  length,  but  complex 
angle  to  determine  reflection  coefficient  magnitude.  This  attenuation 
form  is  the  one  we  have  programmed  as  the  rigorous  attenuation  coef¬ 
ficient  and  for  which  results  are  given  in  chapter  5-  It  corresponds 
to  ^  in  equation  14.3. 

Calculation  of  phase  change  requires  both  real  and  imaginary  parrs 
of  angle, 

(I  I  <  A.t 


k: 


l»_  Suvs  ^  Cosk 


C< 

cer  it' 


y:<;3 

V.CrY 


cs  k’ 

k;  -  k*  cos  C('  coak  <e''  «  k' 

Since  the  real  part  of  the  characteristic  equation  is 

Akk  c.as  C^'  cosk  c<.‘'  =:  JLTJi  -  (f)' t  - 

we  can  eliminate  cosK  k"  to  get  vertical  and  horizontal  phase  change 
of  the  modal  propagating  waves. 


t;  =  c  suA<c' 


ATTA  -  d  T  '  (t>  i 


Ak‘k  Cust  Ce‘ 


jAtrA-cO't-  <6'i 
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r  -  <t)*  i 

^  coi  «<• 


J-TT  /■  -  (()‘t  -  (t'  i 


kz'»  modal  full  cycle  vertical  phase  i ntegra 1 -phase  change  outside 
the  layer  (dependent  on  complex  angle)/twice  the  layer  thick- 


kx'*>  the  vertical  phase  length  in  the  layer  x  tan  of  the  real  angle 
of  propagation. 

Then  the  modal  component  wave  represented  by  a  pole  in  the  accepted 

I 

period  equation  can  be  viewed  as  propagating  at  real  angel  with¬ 

in  the  source  layer  for  cycle  length  calculations  and  geometric  re¬ 
lation  af  horizontal  and  vertical  phase  change.  The  phase  and  ampli¬ 
tude  changes  (c")  4)"(<c  due  to  reflection  depend 

on  the  full  complex  however. 

The  intuitive  modal  attenuation  coefficient  in  a  d i ss i pat  ion  1  ess 
isovelocity  source  layer  with  real  incidence  angel  is 


b  "  A.  .  b." 


I  ,  lR.tl  . 


V.CiT 


This  will  not  be  equivalent  to  being  emitted  at  any  complex  angle 
a  -w  \  unless 

k'  Jl_  -  k'  Cosq:,'  +  (  ‘  ~ 

^  L 


with  <^g*  •=  O  and  k  =  layer  thickness 

The  additional  loss  due  to  k  SunK  ^  <-et '' 

would  have  to  be  balanced  by  an  additional  gain  represented  by 
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[i  -  in  order  for  the  two  angles  and 


to  be  at tenuat i ve ly  equivalent 


k  <<o'‘  -  k'  CoS^o  Xtnkif,''  r  4.' CeT^iT. 

=  [\  -  -  [  I  - 

In  particular,  to  show  that  the  modal  attenuation  coefficient  J*  arising 
from  the  assumption  of  real  source  angle  with  reflection  loss 

.  o)  is  equivalent  to  that  arising  from  propagation  in  source 


layer  at  complex  angle  would  have  to  show 

-k*  f  4.'  cos 


We  have  represented  intuitive  loss  by  €. 


wi  th  1  - 


We  can  compare  the  loss  in  the  intuitive  (A)  and  accepted  (6)  formu¬ 
lations.  Amplitude  of  eigenfunction  ^  after  propagation  to  a 


distance  x  becomes 


(A)  e- 


-  •d'f 


(B)  ~  ^  e_ 


,  intui ti vely 


Y.Ti 


by  the  accepted  period  equation  where  in  the  case  (A)  ^lO^) 

while  in  case  (B)  and  angles  differ 

slightly.  In  case  (A)  for  example  after  propagation  to  distance 


)(s  we  have 


Cl-  1  M 


-rs  e, 


in  (B) 


.  <t)".  J. 


In  =  ^  ^ 


•  I 


X  gives 


Taking  -Ch  of  amplitudes  for  arbitrary 


*  iC-  0- 1*"))  = 

.  i (- [i- Cl  - ■••)]) '(-ti" ♦  I"- 


jU  =  I5«l  t  -  -  i 


Y.7<* 


To  first  order  the  attenuation  coefficients  are  the  same  provided 


In  chapter  5  we  wi 1 1  compare  reflection  coefficient  magnitude  for  wav 
es  which  satisfy  the  intuitive  characteristic  equation  with  those 
which  satisfy  the  rigorous  equation.  Table  5.^  gives  example  values 


for  locked  modes. 


'  V  -V 


versus 


1  <^o( 


4.5  Attenuation  coefficient  summary: 

We  will  compare  attenuation  coefficient  results  using  equation 
4.62.  with  those  arising  form  the  current  theory  of  Ingenito  and 
Wolf  .  We  also  offer  below  expressions  from  Brekhovskikh,  and  from 
Kornhauser  and  Raney.  In  the  computer  algorithmn  for  our  rigorous 
(Brek.)  formula  and  Ingenitos  the  same  unperturbed  normal  mode  eigen¬ 
values  are  used.  Since  the  same  Snell  routine  and  the  same  charac¬ 
teristic  equation  is  used,  the  values  of  Xo  >  ke  will  be  the  same 
and  the  differences  in  the  attenuation  coefficients  will  depend  on 
the  analytic  form,  as  well  as  slight  differences  between  the  initial 


1^1 


unperturbed  reflection  coefficient  used  In  the  Ingenito  formula  and 
final  reflection  coefficients  (as  dissipation  and  complex  angle  are 
included  in  our  iterative  characteristic  equation  solution). 

We  use  the  rigorous  attenuation  coefficient 
1 

4-  - 


J~  4ol^  C<.' 


Y.70 


This  is  log  reflection  magnitude  divided  by  horizontal  cycle  length, 
using  only  the  real  part  of  angle  to  calculate  cycle  length,  but 
complex  angle  to  determine  reflection  coefficient  magnitude.  The 
quantities  are  determined  as  eigenangle  and  reflection  coefficient 
magnitude  while  solving  for  poles  of  the  complex  characteristic  eq- 
uat i on . 

We  have  also  shown  an  intuitive  form 


- 1'* 
-  C- 


X.  k  \-c^ 


This  is  in  fact  reflection  loss  divided  by  horizontal  cycle  length. 


1*.5.1  Comparison  with  Ingenito  and  Wolfe; 

Ingenito  (  io  )  essentially  follows  the  approach  Freehafer  used 
for  EM  modes  in  the  atmosphere.  Initially  the  propagation  constant 
in  the  bottom  is  assumed  complex.  Separate  wave  equations  are  writ¬ 
ten  for  both  ocean  and  the  bottom.  Complex  conjugate  equations  are 
written  as  well  and  cross  multiplied  by  conjugate  eigenfunctions. 

The  pairs  of  equations  are  subtracted  for  both  layers  and  integrated 
over  the  depth  of  the  layer.  The  boundary  conditions  are  used  to 
write  a  single  integral  equation  involving  the  complex  horizontal 
propagation  number  and  the  eigenfunction  integral 


where 


CO 


<■0 


+  A 


lawew 


I  <42 


When  ILds.  written  as  modal  attenuation 

coefficient  is  solved  for 


r  ud 

J  -V  •  - 


^.8f 


A  i  KTJS'All'I.'^rJS 


For  . 

Cl. 


to  a  good  degree  of  approximation 
Ot> 


t-'  ‘(itt)  1  [»;-(»']  Js 


V.8L. 


Physically  this  solution  is  appealing.  Loss  occurs  in  the  bottom 
leading  to  a  net  power  flow  from  water  to  bottom.  Per  unit  horizon¬ 
tal  distance^  the  total  power  loss  for  a  mode  must  equal  the  power 
lost  in  the  bottom  by  that  mode.  The  ratio  of  attenuation  coeffi¬ 
cients  (modal  and  bottom)  is  inversely  proportional  to  the  ratio  of 
respective  powers.  Freehafer  using  similar  equation  manipulation 
derives  an  expression  whose  denominator  is  the  horizontal  cycle 
length. 

In  Ingenito  and  Wolfe  (it  )  a  perturbation  solution  is  der¬ 
ived  in  terms  of  the  reflection  coefficient  at  a  fluid-solid  bound¬ 
ary,  The  boundary  condition  is  first  expressed  in  terms  of  the  re¬ 
flection  coefficient.  An  equation  connecting  the  imaginary  part  of 
the  eigenvalue  (their  mode  attenuation  coefficient)  with  boundary 
values  of  the  eigenfunction  and  its  derivative  is  then  derived  as 
in  Ingenito  (  io  )•  This  equation  is  expressed  in  terms  of  the 
reflection  coefficient  and  a  perturbation  analysis  yields  the  atten¬ 
uation  coefficient  in  terms  of  the  unperturbed  quantities.  This  is 
the  attenuation  coefficient  we  will  use  for  comparison,  substituting 
the  reflection  coefficient  at  a  dissipative  liquid  boundary  where 
they  treat  the  case  of  an  elastic  nond i ss i pat i ve  boundary. 

Ingenito's  basis  equation  is 


U3 


1 1^. 


and  normal izat ion 

K 


I  »■ 


fi.  J  h  '-/’>-  i  '''’‘■‘■■^1  <1^-1- 

o  H 

is  made,  where  he  gives  the  following  quantities  with  sound  speed 
constant  through  the  water  column  and  the  bottom. 


(XtoC'b)  * 

M  Sw,  Xo  i) 

v.ai" 

-Yo  i 

c  e 

^.g(0 

Y.97 

Yo  * 

( c 

H-'ie 

reflection 

coefficient 

iVo  = 

+  i  A  H>0 
-  €. 

y.y? 

e  Z®*-  >«'o 

Z**  Y* 

Y.fo 

Here 

UoHh) 


is  the  mode  shape  squared  at  the  bottom 
is  vertical  wavenumber  in  the  ocean 


I 


Yft  is  vertical  wavenumber  in  the  bottom 

^1.0  is  horizontal  wavenumber 

Pi.  3re  densities  in  the  ocean  and  bottom  respectively 


=  [i-KcMi‘] 


represents  an  energy  loss  per  reflection 


All  the  quantities  above  are  calculated  using  unperturbed  solution 
values  for  ,  i.e.  eigenvalues  for  the  nond i ss i pat i ve  prob¬ 

lem,  The  reflection  coefficient  (we  use  in  our  implementation  of  his 
fomula)  is  obtained  as  the  reflection  coefficient  in  our  first  dissi¬ 
pative  iteration  when  the  bottom  is  absorbing,  but  the  imaginary  part 
of  angle  is  O  in  the  water  column,  (corresponding  to  the  eigen¬ 
values  for  the  phase  equation  with  real  angles). 

For  the  mode  shape  in  ^CH^we  use  the  mode  shape  from  chapter  2 
for  the  isovelocity  layer 


sc.^]  -  j 


V. 


2.® 


i.e.  for  the  Pekeris  model  when  the  reflection  coefficient  is  R=  €. 


we 


get  Coi  ^ 

or  2.A  COS  -4’ot-Tr  j 


in  our  notation 

in  his 


The  critical  step  in  applying  Ingenito's  result  is  the  normalization 

to  obtain  A,  Since  our  mode  shape  was  derived  for  model  1  (see  figure 

1,1)  with  one  layer  and  the  surface  at  z*-H,  "Kt  e.»rr*.cjf 
o  oo 

'  K  b 

We  note  right  here  difficulty  in  extending  the  Ingenito  expression  to 
leaky  modes  since  the  normalization  integral  will  diverge.  In  the 
ha  If space  2  the  mode  shape  is  —  .  i 


=  I  T  A  J  i 


with  a  complex  transmission  coefficient. 


Y- 


p 


1  46 

<0  o 

'H  -H 


cai  e 


aL^*-  k.  CO.S  C(, 
Z  W.  CoJ  C(, 


-f 


C.O^ 


u  St^  Ak.,  C<s4t<,  M 
—  <- 


k,  C.OS 


f 


il  _  M 

L  coxc^, 

H.too 


1 


2  2 

V.<H  and  V./ooare  solved  for  A  which  is  used  in  S  (z)  in  Ingenito's 
coef f i c i en  t . 


4.5.2  Comparison  with  Brekhovskikh 

Brekhovskikh  provides  asymptotic  approx imat ions  for  attenuation  co¬ 
efficients,  for  low  order  modes  i.e.  small  ^  or  ^  k  large,  solu¬ 
tions  will  have  small  grazing  angle  •  Then  Brekhovskikh  ex¬ 

pands  the  reflection  coefficient  exponent  in  terms  of  angle 

i.e.  _  e.  -v  Ct),  ( ^J.(  <<)  =  “-C-Xp 

at  the  lower  boundary 


- 

w.  - 

M.  -  Coi*‘«<. 

S'—s  <&<  + 

I - ,  Y./cr 

V  w,*-  - 

fi.  = 

Cl 

■= 

fi. 

expansion  of 

3 

in 

a  power  seri 

ies  in  neglecting  terms  of  order 

c><  has  the  form 

Lie]  -  -D  ' ^  + ...  ^ 


with  J I 


-  t 


To  second  order  —  ~  C- 


that 


order  is 


.  The  characteristic  equation  to  first 


and  for  small 


V.(o3 


*=**^Jt,  = 


kA  +  >1.  CP'  <■ 


H.ioH 


or  wi th  k .  K  large 


iL  .  ^  Jli,  (p,  V  f,) 


HJoS 


Then  the  quantity  which  determines  the  attenuation  will  be 


V./oC, 


To  see  how  this  quantity  actually  determines  the  attenuation  Brekhov- 
skikh  takes  expression  Brek.  27-21  for  the  field  of  normal  modes 

Cp  ^  I  c}<<  =  ' 

J  <f/ol 

JU>£)  C  oJi 

The  first  term  is  the  sum  of  residues  of  the  integrand  at  poles  encom¬ 
passed  during  deformation  of  the  path.  The  last  two  integrals  are 

/  •  c.  *' 

over  borders  of  cuts  beginning  at  the  points  L(  =  Si^  M,  ^ll 

and  going  along  lines  Sus‘‘<<  =  O 

Brekhovskikh  assumes  no  accumultion  points  of  poles  in  the  finite  re¬ 
gion  of  the  plane.  He  states  that  it  can  be  shown  that  poles  in 


the  remote  regions  are  equidistantiy  situated  on  a  line  asymptotically 
approaching  the  imaginary  axis.  (See  our  figure  5-5  for  pole  loca¬ 
tions)  The  residues  are  determined  by  replacing  the  denominator  by 
multiplying  the  result  by  I.T<.  and  summing  over  .  From  the 

characteristic  equation  Brekhovskikh  can  show  that 


if)  =  .a  41.  ,  -L  ii-  -  r.  kK.. 


H.loS 


Then  assuming  t,  (y  large  and  with  the  asymptotic  form  of  the  Hankel 
function  he  gets 


Then  if  is  small  27-^2  can  be  simplified 


Kk 


tv 


everywhere  in  27.^2  except  in  the  exponent  €x^  (^a. where 
the  imaginary  part  of  must  be  taken  into  account.  So  with 

^  C^r^.coX  4-  ^  AX  Y./// 


c  •  f'-  -  fi, 


Brekhovskikh  gets 
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K  5]  I  hr  ^ -f  (<  )  ] 


Uf  ■»•  R.,  {(i)  j 


So  the  amplitude  of  the  normal  wave  decreases  as 


T  ‘xf  L  )  ^<-  ’■'1 


r 

The  assumptions  made  in  getting  to  this  point  were 

1.  Expansion  of  to  csi  to  get  27-33 

2 .  <u^  oc  -v  o*  to  get  27-38 

3-  WV\  large  to  get  27-39  and  27-42 
4.  Asymptotic  form  of  Hankel  function 
5-  K  ' 

Combining  27-40  and  27-43  we  see  that  moda i  attenuation  as  we  have  de¬ 
fined  it  (i.e.  *^}  ^  will  be 


,  .<  “TTJt 

tx  ■=  L 


P.  - 


^  '■pO 


C'-M' 


i.iH 


►Hi 


In  our  model 


flV^ 


(h-O 


The  index  of  refraction  is  complex 

V  r  ^ 

C.I  1 


i4. 


ct  ^ 


A*^ce_  -=  o 
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so 


and 


*i.us 


t  - 


m, 


Cfc.'"  \  /  CO  •  Cu 


V./^Cr 


We  get 
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CO-5 


(W'(l^) 

'  <1 


IL 

*■  2^ 


wi  th 
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I  **  ^ 

^  •  C. 


60  Cl 


V.^'/'7 


■  ^  -  (^)‘ 


So  the  attenuation  coefficient  is 


31. 

k. 


k 


T  ■  S 


^.US 


Brekhovskikh  also  offers  an  attenuation  coefficient  approximation 
for  higher  order  modes  where  With  \  (j(  —  i-T  he  neg¬ 

lects  <(>  to  get  a  first  approximation  to  the  grazing  angle  of 


y.f/7 


Substitution  then  gives  the  second  approximation 
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sc^  L 

k.k 

kA 

— 

ik-K  J 
^  C  ) 


V./LC 


and  since 


4>.(.c<.)  =  Ik C-  (v.)  ct)  =  '  ju  <5. 

V.a/ 


-I 


Tr< 


kk 


The  attenuation  of  his  normal  modes  is  given  by 


Y.r2.3 


We  are  puzzled  however  by  his  assumption  that  ^  4^  1  ~ 


since  we  have  found  reflection  coefficient  phases  in  the  hundreds  of 
radians  for  modal  2a  and  Brekhovski kh  himself  gives  the  asymptotic  for 
mula  (for  large  Bessel  argument  (i.e.  for  angles  not  to  near  grazing  a 
the  top  of  the  H  -linear  layer)) 

4  =  ^  ti-Ly 

^tr 

The  modulo  operation  should  be  accounted  for  in  the  mode  number. 

Brekhovskikh  also  states  that  his  formulas  are  applicable  for 
j(»1,  2,  3....  We,  however,  calculate  modal  dispersion  and  attenuation 
values  for  modes  1*0,  1,  2,  3...  with  1=0  corresponding  to  the  funda¬ 
mental  mode.  The  difference  arises  as  follows.  Since 


w\, 


-  rM.^- 


C.01 


**1,  +•  ^  M.^  - 


it  can  be  expanded  to  first  order  in  ^  as 

,.4  v.acr 

a 

Now  we  have  a  choice  of  using  either  (v*  -  as  Brekhovskikh 

c<5, 

and  others  have  done,  or  as  we  have  done.  Writing 

-4. 

to  first  order  as  lets  us  identify  in  these  two  cases 


e i ther 

Now  since  at  a  free  surface  the  phase  change  is  a  retardation  of 

-"nr  we  know  from  limiting  arguments  that  at  the  upper  surface  we 
wi 1 1  have 

^  and  f,  -=9  O  since  o 

Then  in  case  (l)  4«  =o  'n  case  (2)  =  -  Tf 

The  characteristic  equation  in  case  (l)  will  be  as  Brekhovskikh  has 

i  t  _  g 

p  H  O  "  ^  "IT 

In  case  two  it's 

^  +  C-.^  ^  f  ^  ^  ^  C  ~  ^  J  ^  ^ 

*2  x.  p,  ^  *  ^Ti  r  X  + 

and  here 


can  start  at  0.  The  two  forms  will  then  be  equivalent. 
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4.5.3  Attenuation  coefficient  from  Kornhauser  and  Raney 

We  also  have  formulae  from  Kornhauser  and  Raney  for  direct  com¬ 
parison  in  the  two  layer  case.  K  6  R  assume  z  dependent  solutions  of 


the  form 


=  Su^  t, 


4  e. 


Y./X*! 


in  layer  and  halfspace  respectively  with 


1^"  = 


l\  is  the  horizontal  propagation  factor.  For  real  k,  ,  and  ki_ 
and  guided  waves  both  and  are  real  and  positive.  In¬ 

voking  the  boundary  conditions 

^  ^  .  A  4',  =  «  3  =  H 

K  &  R  eliminate  l\  and  Xu  to  get  equation 


When  the  lower  medium  becomes  dissipative  ki.  becomes  complex 

^  4- <  ^  The  vertical  wavenumber  in  layer  two  must  be¬ 

come  complex  as  indicated  in  (K  &  R-  4).  Then  with 

and  assuming  )j  <  <•  a.  Cdf  's  expanded  in  a  Taylor  series  to  first 
order.  The  real  and  imaginary  parts  of  equation  (K  S  R-  4)  are  sep¬ 
arately  satisfied  and  a  solution  is  obtained  for  b 
i.e.  from 

*•  ( C-^)  -  CrO""- 

V./5/ 

expanding  cJt  and  neglecting  terms  in  b^  they  get  two  equations  The 
real  part  gives  an  equation  identical  with  4.  The  imaginary  part  gives 


)  ; 


IS'* 


an  equation  for  b. 

J:L  . 


i.Y4. 

Cl.*-  ~  ^  / 


_  _  COQ^ 


The  modal  attenuation  coefficient  is  taken  as  the  imaginary  part  of 

K  • 


=  -!>  (t^  --y 


ft  33 


K  6  R  note  that  b  is  directly  proportional  to  twf  and  equals  cxT  * 

(a  function  of  a  and  Vi)  .  The  value  of  a  is  determined  by  cu  and  mode 
number,  so  only  to  and  n  need  be  specified.  Defining  a.,^. 

Cij  M 

/i  =  -r — '  K  S  R  derive  the  function  F(7f  ,y3  )  such  that 

lm(h)*  )  n  is  mode  number.  The  asymptotic  (large  ^  ) 

proportionality  for  F  is 


r  ~ 


^  LI  3 

CO  H 


o  r 


V./3y 


They  provide  the  formula 
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Xiv  Is  the  nth  solution  of 


At  cutoff  modal  attenuation  is  equal  to  bottom  attenuation.  Then 
Vu  *0  and  the  wave  is  a  plane  wave  propagating  in  the  bottom.  As 
/i  increases  above  cutoff  F(‘3j^  )  decreases  rapidly  as  the  frac¬ 

tion  of  energy  carried  by  the  bottom  decreases. 

4.5.4  Attenuation  Coefficient  from  Bucker 

Finally  we  note  that  Bucker  (1964)  has  investigated  the  effect  of 
bottom  absorption  on  the  shape  of  dispersion  curves  for  a  variable  vel¬ 
ocity  water  layer  over  an  absorbing  bottom  halfspace.  He  develops  the 
form  of  the  dispersion  equation  given  by  equation  (2.41)  and  comments 
that  for  partial  reflection  the  characteristic  equation  p.  |  =  i 

can  not  be  satisfied.  By  associating  sound  energy  at  a  particular  fre¬ 
quency  and  group  velocity  (and  thus  mode  number)  with  a  ray  path  he 
calculates  an  approximate  bottom  loss  equal  to  the  magnitude  of  bottom 
reflection  coefficient  raised  to  a  power  equal  to  the  number  of  bottom 
reflections.  This  reflection  coefficient  is  that  for  a  fluid-solid 
interface  with  absorption  represented  by  complex  Lame  constants  "X 
and  facilate  calculation  of  phase  shift  in  bottom  reflec¬ 

tion  he  assumes  plane  wave  fronts  at  the  bottom  and  real  propagation 
number  (L.  This  is  equivalent  to  using  a  real  angle  of  incidence  and 
no  dissipation  in  the  water  column.  Satisfaction  of  the  boundary  con¬ 
dition  leads  to  a  complex  vertical  propagation  number  and  a  complex 
reflection  coefficient.  Reflection  coefficient  phase  when  substituted 
in  the  dispersion  equation  connects  bottom  absorption  with  group  vel¬ 
ocity  and  dramatically  effects  the  shape  of  the  dispersion  curves. 

In  Bucker  (1970)  sound  propagation  is  more  rigorously  treated 
for  a  channel  with  lossy  boundaries.  The  surface  and  bottom  half¬ 
space  reflection  coefficients  are  not  made  explicit  and  the  normal 
mode  solution  is  developed  very  generally  in  terms  of  the  Helmholtz 
solution  functions  U(z)  and  V(z)  satisfying  surface  and  bottom 


1  56 


boundary  conditions  respectively.  Bucker  indicates  forms  of  inter¬ 
mediate  layer  solution  f  and  g  (e.g.  for  constant  velocity  pro- 
2 

file,  N  -linear,  parabolic.  Potter  Murphy  and  Epstein  profiles)  and 
requires  solution  of  2m-2  interface  boundary  condition  equations  to 
determine  the  f  and  g  coefficients  which  will  comprise  solution 
U(z)  and  V(z).  He  mentions  that  iteration  techniques  must  be  used 
to  determine  eigenvalues  b.  and  suggests  use  of  the  ray-mode  an¬ 
alogy  to  determine  starting  values  for  Re(kn)  and  Im(kn) .  His  ray¬ 
mode  analogy  is  to  associate  the  mode  and  ray  having  the  same  hori¬ 
zontal  phase  velocity. 


An  estimate  of  the  imaginary  part  of  the  kn  is  made  by  noting  that 
the  mode  attenuation  is  due  to  boundary  loss  so  that 

kn")  •».  BLn)  / 

with  Y./i0 


^Utv  surface  loss  in  d6 

BLm.  bottom  loss  in  dB 

horizontal  cycle  distance. 


The  conditions  for  ray  constructive  interference  is  again  equation 
2.41.  He  presents  calculations  for  a  particular  shallow  water  channel 
whose  velocity  profile  includes  both  surface  duct  and  modes  reflecting 
at  bottom  surface  and  bottom.  Plots  are  presented  of  Im(cn)  versus 
Re(cn)  for  ray  mode  analogy  solutions  and  exact  solutions.  Exact  sol¬ 
utions  are  solutions  to  a  dispersion  equation  he  develops  in  terms  of 
generalized  solutions  to  U  and  V. 
i  .e.  w(kn)*0  where  w»U  (z^  )  V'(zo  )  -  Ll'(z.)  V(z,  ) 

and 


K 

2  coC*»-^ 
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is  the  sum  of  residues  solution.  The  point  source  is  a  depth  z  .  The 
thrust  of  the  paper  is  that  of  the  modal  field  may  be  expressed  as 


where 


and 


H 

H.HO 


for  a  surface  duct  with  zb  the  lower  turning  point  and 


-=.o 


j  il  S  ^n/ 


y./v/ 


The  advantage  of  this  formulation  is  that  modal  excitation  is  given  by 
a  function  defined  between  channel  boundaries  rather  than  for  0<z-<o^ 
Implicit  in  the  development  is  the  ability  to  include  complex  propa¬ 
gation  constant  kx  in  the  layer  boundary  equations  and  to  determine  a 
halfspace  reflection  coefficient  for  lossy  halfspaces.  Elaboration  on 
these  points  (of  the  type  presented  in  our  thesis)  is  required  for 
implementation,  and  Bucker  has  presumably  done  this  at  least  for  the 
shallow  water  example  given. 

Appendix:  Equivalence  of  the  accepted  period  equation  and  the  period 
equation  from  Kornhauser  and  Raney. 

Eigenvalues  used  in  the  Kornhauser  and  Raney  attenuation  coeffi¬ 
cient  given  on  page  4.28  are  solutions  to  equation  K  &  R-  4.  Eigen¬ 
values  used  in  the  computer  implementation  are  solutions  to  the  phase 
characteristic  equation 

•  A  ... 

=  n  i-iT 

V/q./ 

The  reflection  coefficient  for  a  two  layer  system 
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Now  with  refraction  law 
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The  characteristic  equation  is  then 
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Chapter  5-  Observations  and  contpu lat i ona I  results 
5. I  Introduct ion 

The  alyorithin  outlined  in  chapter  3  has  been  implemented  in 
Fortran  *4  on  an  HP2100  nunicomputer  with  32K  core  memory  and  disc 
storage.  A  segmented  computer  code  was  required  because  ot  program 
length  and  so  that  several  operations  couid  be  performed  for  the  same 
input  model  parameters  and  modal  solutions.  Central  to  the  determin¬ 
ation  of  modal  dispersion  and  attenuation  characteristics  is  calcu¬ 
lation  of  the  reflection  coefficient  at  the  ocean  bottom.  We  discuss 
below  issues  involved  in  choosing  propagated  angles,  and  determining 
the  reflection  coefficient  and  eigenangles  for  the  Pekei'is  guide. 

The  algorithm  developed  hero,  and  for  which  a  computer  listing  is 
provided  in  the  appendi.s,  handles  multil.iyer  complex  w.rveguides  as 


well,  but  results  are  insufficient  .«t  thus  point  to  comment  on  its 
behaviour  for  those  waveguides. 

In  developing  wave  ru'presentat ion  in  terms  ol  complex  angle  and 
complex  wavenumber  it  was  noted  that  the  mapping  from  incid<‘nc('  angle 
dom.iin  to  wavenumber  domain  is  nonun igue  and  that  multiple  angle 
roots  exist  for  the  phase  velocity  equation  3.5’^  •  Additionally  we 


have  seen  that  Riemann  sheets  exist  in  the  complex  wavenumber  space. 


corresponding  to  values  of  Im 


['>■'4  . . 


or  less  than 


tion  of  the  equation  sets  3.|M3  to  3lS(  involved  in  out 


;ero.  Solu- 
d  i  spers  i  r'n 


algorithm,  required  that  restrictions  be  placed  on  thr;  incidence 
angle  detain  in  order  to  preserve  continuity  i ri  reflect  ioti  coeffic¬ 
ient  and  characteristic  equ.rtion  functionals.  We  begin  this  chapter 
by  examining  the  form  of  the  reflection  coefficient  for  the  dissi¬ 
pative  Pekeris  guide  when  incidence  angle  in  the  source  layer  is  real 


Then  when  incidence  angle  In  the  source  layer  is  allowed  to  become 


complex  we  examine  separately  situations  in  which  the  underlying  med- 
ium  is  nond  i  ss  i  pat  i  ve  (  W»_  *0)  and  when  it  is  dissipative  I  k.,.  PO)  . 

In  the  first  case  we  find  that  allowing  the  transmitted  angle  to  go 
to  real  values  >x  may  give  reflection  coefficients  of  magnitude  7  I 
In  order  to  get  reflection  coefficients  of  magnitude  <  I  we  fhul  that 
the  real  transmitted  angles  may  be  <1-  ,  but  that  the  imaginarv 
t  racism  it  ted  angle  could  then  be  with  the  implication  of  growing 


wave  in  the  bottom  halfspace.  Both  c i rcums tances  present  us  with  non 
physical  solutions,  which  is  the  apparent  dilemma  of  the  complex  angle 
representation.  For  the  situations  in  which  the  bottom  is  absorbing 
and  we  examine  all  possible  combinations  of  complex  angles  in 

both  layers,  and  note  the  effect  on  the  magnitude  of  the  reflection 
coefficient.  A  necessary  condition  for  solution  of  the  characteristic 
equation  is  found  to  be  when  the  imaginary  part  of  incidence 

angle  is  >o  ,  or  lRl>|  when  the  imaginary  part  of  incidence  angle 
is  <o  •  Since  the  integration  contour  indicated  in  chapter  2  is  in 
the  upper  half  complex  incidence  angle  plane  we  seek  combinations  of 
incident  and  propagated  angles  such  that  1  1  ^  I  . 

Consideration  is  next  given  to  solution  of  the  refraction  law 
equations  and  the  particular  algorithm  we  have  implemented  to  solve 
them.  We  first  look  for  conditions  on  the  transmitted  angle  , 

A/  ^ 

such  that  an  initial  approximation  for  may  be  calculated  at  any 

layer,  in  order  to  start  the  iterative  procedure.  We  find  that  the 
sign  of  the  transmitted  imaginary  angle  cannot  be  delimited  on  this 
basis.  Similarly,  we  find  that  the  domain  of  cannot  be  deter¬ 

mined  by  simply  requiring  each  side  of  the  refraction  law  equation  to 
be  >  6  ,  as  they  are  for  the  source  layer,  where  ^  and 

>0  .We  must  examine  more  closely  the  refraction  laws. 

^  /  "Tr 

When  the  incident  angle  'f.  is  real  we  find  that  ^  . 

<o  is  a  compatible  solution.  When  the  incident  angle  is 

I 

complex  with  >  O  we  seek  conditions  which  might  allow 

to  go  to  "critical  refraction"  at  ,  and  also  conditions  which 

|j 

would  allow  ^1,  to  become  >0  .  We  show  two  limiting  cases  for 
which  Vu  could  be  >o  and  <  o  .  Conditions  are  then  determined 
for  the  "speculative  angle  at  which  transition  occurs  from  grow¬ 

ing  to  decaying  waves  in  layer  2. 

With  this  preliminary  viewing  of  the  refraction  laws  and  reflec¬ 
tion  coefficients  we  are  better  prepared  to  understand  the  results  of 
our  computational  algorithm.  When  the  physical  constraint  of  transmitted 
angle  <  3^  is  imposed,  discontinuities  arise  in  both  the  sign 
of  the  imaginary  part  of  transmitted  angle  and  the  reflection  coefficient 
magnitude  and  phase,  as  incidence  angle 
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is  varied  for  a  fixed  phase  velocity  Cp  .  These  discontinuities 
were  great  hindrances  in  getting  our  iterative  equation  solvers  to 
converge.  The  behaviour  of  the  solutions  is  discussed  for  several 
cases  of  dissipation  number.  Limiting  arguments  are  then  used  to  show 
that  these  discontinuities  should  in  fact  exist  given  the  refraction 
law  constraints,  and  are  not  artifacts  of  the  program.  We  summarize 
the  discussion  above  by  discussing  the  solution  trajections  for  prop¬ 
agated  angles  as  the  incident  angle  is  varied  along  a  locus . 

A  comparison  is  made  with  a  complex  wavenumber  formulation  of  the  prob¬ 
lem  and  position  of  angle  solutions  on  the  Riemann  sheets  are  estab¬ 
lished  corresponding  to  positive  and  negative  value  of  kz.  This  is 
done  in  both  the  locked  and  leaky  region  of  incidence  angles  where  we 
encounter  respectively  "speculative  angles"  and  branch  lines.  Finally 
reflection  coefficient  phase  is  discussed  for  "critical  reflection" 
off  of  dissipative  media.  It  is  shown  that  phase  delay  is  produced  by 
the  process. 

In  the  second  part  of  chapter  5  the  major  results  of  the  thesis 
are  presented.  Dispersion  curves  are  drawn  for  the  Pekeris  guide  and 
attenuation  coefficients  determined.  We  find  that  as  dissipation 
number  is  increased  in  the  halfspace  poles  move  into  the  first  quad¬ 
rant  of  incidence  angle.  For  any  given  number  k^"  or  incidence  angle 
*<4  poles  move  toward  the  real  <(,'  axis  as  mode  number  is  increased, 
but  attenuation  coefficient  increases  as  mode  number  increases. 

Both  eigenangles  and  eigenfrequencies  are  slightly  perturbed  with 
dissipation,  but  the  major  effect  is  to  introduce  a  finite  imaginary 
part  of  wavenumber.  In  addition  to  the  rigorous  attenuation  coeffi¬ 
cient  represented  by  the  imaginary  part  of  wavenumber  we  calculate 
approx imat ions  to  modal  attenuation  coefficients  proposed  in  the  lit¬ 
erature  by  various  authors.  These  were  developed  in  chapter  4  and  are 
compared  here  with  the  rigorous  coefficient.  Their  shortcomings  or 
suitability  are  determined.  Finally,  sensitivity  of  the  modal  char¬ 
acteristics  to  model  parameters  is  discussed  along  with  numerical  dif¬ 
ficulties  involved  in  their  determination. 


r 
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5.2  Reflection  coefficient  for  real  incidence  angle 

Brekhovsklkh  has  examined  the  reflection  coefficient  at  a  water 
packed  sea  sand  interface.  We  need  to  verify  his  results  for  real  in¬ 
cidence  angle  as  a  check  on  program  perfromance. 


With 


/*. 


I  - 

and 


he  gets 


(L  * 


n\  cey  j 

vn  tos  -v  -  Sw^'-< 


S.l 


when  <  \ 


and  ^  hi  he  gets  total  reflection 


fv\  C.OS  ^ 


—  A.  "I  H 


toj  ^  i  S'— -M*“ 


i’.Z- 


He  notes  that  at  total  reflection  the  interface  presents  a  reactive 
impedance.  His  graph  of  1(\.\  versus  if  is  found  in  Waves  in  Layered 
Media  (ref.  A  )  p.  20.  We  have  programmed  magnitude  and  phase  ver¬ 
sus  complex  angle  using  the  formulae  in  chapter  3  and  present  it  in 
figure  5.1  for  the  two  layer  case  with  If,"  =.0  •  There  is  very 

close  agreement  in  the  form  of  the  curves.  We  have  expanded  the  scale 
of  phase  for  angles  less  than  the  critical  to  show  the  effect  of  dis¬ 
sipation  parameter  kz"  not  indicated  in  Brekhovski kh ' s  small  figure. 

5.3  Reflection  coefficient  for  complex  incidence  angle 

From  the  reflection  coefficient  formulae  in  chapter  3  (section 
3,y  £■)  we  can  make  the  following  observations,  accounting  now  for  non¬ 
zero  imaginary  part  of  source  layer  incidence  angle  .  For  a  non- 

dissipative  layer  where  k”»0,  A  and  8  in  equation  3*^3  reflec¬ 

tion  coefficient  are  given  by 

ft  CO  C05  cosK  <(,“  ;  S  =  -  CO 
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At  critical  angle  of  incidence  such  that  propagated  angle 

~  defined  in  equation  3</ol>  equals  zero.  Then 

if  also  the  incident  angle  were  real,  (<"  =0,  then  li  ,  =0  and  =0 

and 


J.3 


(I 


^ [Kr.(  Lr  ]/ 


However  for  nontotal  reflection  we  will  later  see  that  the  character¬ 
istic  equation  imposes  the  requirement  of  an  imaginary  part  of  angle 
in  layer  one.  If  ^0  the  reflection  coefficient  magnitude  given 

in  equation  5.2  is  not  equal  to  1 .  and  will  contribute 

even  though,  for  example,  the  wave  traveled  at  the  "critically  re¬ 
fracted  angle  *  ? 


Consider  now  the  situation  where  the  propagated  angle  is  permit¬ 
ted  to  assume  values  ^  ^  <  C>  and 


From  equation  3.13 


(1 
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(  -  Vi-,  )  * 
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layer  1  (^,**>0  then  $,  >0  since 

ft .  <  0  . 

If 

also  in  layer  2 

^2  >0  Yi.<o 

,  and 

Lhihl"  >  ' 

^  Thaimnlirafrlnni^rhatfor  ^ 


The  implication  is  tha 

(when  O  < 

yo  in  order  to  get  reflection  coefficients  C  (  . 


*  ^  ^  ,  and  O  <  ^1."  ^  '“O  )  we  need 
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(This  actually  is  sufficient  but  not  necessary).  In  order  to  get 
/\^  >  O  .  'r'O  so  ,  S*.*>0  when  s  o 

we  require 

u>  cask  <<i,“  >0  ^  S.(, 

-  CO  W  «‘nh  Co  ^  ®  i-.T 

Then  I  ^  ^  .  But  for  ^  O  and  T' O  these  waves  will 

grow  in  both  layer  and  ha  If space.  We  see  then  that  for  certain  com¬ 
plex  incidence  angles  and  combinations  of  yp  ,  c  ,  co  we  may 
be  faced  with  two  nonphysical  criteria  for  choosing  refraction  law 
solutions.  We  may  either  constrain  propagated  angle  to  be  JL. 

and  the  transmitted  wave  downgoing,  or  require  *^v!*  C  O  and  the 
wave  decaying,  but  not  both.  We  will  later  find,  however,  that  act¬ 
ual  locked  mode  eigenangle  solutions  to  the  characteristic  equation 
will  have  both  ^  and  ^  O 

When  the  bounding  ha  If  space  is  dissipative,  k;^"7<0,  a  systematic 
examination  of  the  reflection  coefficient  formulae  allows  us  to  dis¬ 
tinguish  regimes  of  R  for  possible  combinations  of 


as  shown  in  the  table  below. 

(ocean)  Co  }f  <  O 

(ocean)  ®  if  >  O  since  k"“0 

will  always  be  ”>  0  regardless  of  the  sign  of 

Lo  — B —  j  S;  -  00  c  — h — 

A" » a*-  ^  a"- 

0 . 8  ^  r. 
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,<  I 


>i  .<» 
X ,  <  I 


<  I  ,  >i 


Cond I t ions 

C|  CO  cos  cosK  S'n^i  •<  o 

Ci.  c*j  CoS  ‘<J  cosk  fcJ*  +  kt  <-t-  'fj  Sink  >o 

C3  k"  C  CoS  </v,'  CosK  -  CO  S'nk  t/J'  <  o 

C.H  k'^  C  cos  <<!.'  cosk  ‘fk"  -  CO  <?x'  5«nk  *?•  O 

From  the  imaginary  part  of  the  characteristic  equation  3.//3  we  im- 
mediately  see  that  Xi  and  (p  must  have  the  same  sign  for 
0  <  v<,'  <  ^ 

Necessary  conditions  for  solution  of  the  characteristic  equation  in  the 
case  may  then  be  summarized  as  follows. 


For  {</*  >  O  we  need  \IK\  <  ( 


.  This  happens  when  either 


C3:  and  S2  have  the  same  sign  with  >  O 

Also  and  Y,.  have  the  same  sign  with  V,  >  o 

Here  ■>  o  ,  *>0  •  This  is  the  normal 

condition  for  leaky  modes. 
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C8:  This  is  the  condition  C4  plus  the  requirement  that 

(t-'tJ]'-*  (V.  .![.)■■  ►(S..ur 

Ci»  states  that  J,  and  are  opposite  signs  with  ^,>o 

Also  we  have  here  V,  V-»_  the  same  sign,  Vi  >0 

C5:  This  is  condition  C2  plus  the  requirement  that 

( If.  -  Y0‘  *  ( 5'  -  sO'"  (y,  t  Jt.l*  ♦  ( X.  *  S.)’’ 

C2  states  that  and  Vv  are  the  same  sign  with  Y,  >  O 

Also  here  S,  and  Su  are  of  opposite  sign  C> 

Note  >0  here,  but  <  O  .  This  is  the 

condition  of  dissipative  "locked  modes". 

For  <0  we  need  \«\  ^  I  .  This  happens  when 

C6:  This  is  condition  C3  plus  the  requirement  that 

(s,-Svr  >  (x,»  j,)’’ 

C3  states  that  and  are  opposite  sign  with  O 

Also,  here  )(»  and  V-»_  are  of  the  same  sign  >0 

<  o  I  >  o 

C7:  This  is  condition  Cl  plus  the  requirement  that 

(X.-X.l*-*  (X.-iwV  >  ()f.  •V,)N(i,  ►L)'" 

with  Cl  stating  that  Y<  opposite  sign  with 

>0  .  Also  here  and  are  the  same  sign 

Si  <0  with  ^,“<0  ,  (^^“<0 

We  note  however  that  poles  for  which  <0  do  not  contribute  to 
the  solution  as  expressed  by  Brekhovskikh's  contour  integral,  and 
our  solution  set  is  limited  to  conditions  C3,  C8,  C5. 


Snell  equations,  details  and  observations. 

For  a  nond iss ipat i ve  halfspace  and  layer,  critical  angle 
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may  be  solved  for  as 


-  I 


- 1 


Ci  /  C, 


r-' 


S./o 


•v  /X  \ 

The  propagated  wave  travels  at  ~  C  A  ,  O  )  '  beyond 

the  critical  angle  where  t  i  •fj*  =® 

tion  law  requires 


rac- 


cos  ^1. 


-  A.  S»^lv 


The  vertical  wavenumber  component  is  imaginary  and  waves  are  inhomo¬ 
geneous  in  the  ha  If space. 

Slow  inhomogeneous  incident  waves  may  also  be  defined  at  inci¬ 
dence  angle  s  ^  •  There  with 


4. 

C-i 


and  for  C  ^  C, , 


CosW  -  e 


Cj_ 

t 


The  waves  will  lie  along  the  locus 


IT" 

II 

r,  H(' 

S.tx. 


They  form  the  part  of  the  spherical  wave  expansion  into  plane  waves 
which  we  do  not  include  in  a  physical  formulation  of  the  problem. 
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In  general  for  Cp  C, 


is  one  of  the  two  roots  of 


-  JLh.  VI  =  o  S-.i 


—  i/\  uos^  c^,'*  ±  Sink  <•'*  =  X»v 

SJ*i 

In  the  layer  1  Cj  formula  both  signs  of  are  solutions  to 

equation  5.11  •  The  phase  velocity  expression  is  insensitive  to  sign 
of  .  Both  growing  and  decaying  waves  at  the  same  phase  vel¬ 

ocity  travel  at  the  same  real  incidence  angle.  Using 


We  see  that 


•=  Xk  or  ^ 

gives  (<,"  >o 


S  Cosh  +  SikIt 

with 

X-  S  co?K  -  "SikH 

<  _  gives  '(  <  q  • 


We  need  a  criterion  for  choosing  the  sign  q4  angle  with  which 

a; 

to  start  the  Snell  iteration  for  given  Cp  . 

That  criterion  will  be  satisfaction  of  the  characteristic  equation  in 
the  angle  domain  of  interest  for  the  Brekhovskikh  contour,  namely 
^  O  .  Then  we  will  seek  angles  for  which  1  |  \ 

Details  of  the  refraction  law  calculations  were  presented  in  sec¬ 
tion  3.6.2.  We  can  briefly  survey  the  possibilities  of  solution  for 
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the  angle  algorithm  we  have  implemented.  Iteration  starts  with  an 
initial  guess  at  angle  calculated  as  in  equation  .  We 

need  to  see  in  what  domain  of  values  of  Xv  ^  O  will  be 


possible,  since 


r./o 


and 


Here 


a.  A 


a  =  -  auHs  A  =  ^  c  -  1 

BM  an 


BLHS  s 

'll 

•  cos  If.'  Si^  t<." 

+ 

.  «</  cosk  f//' 

Q1  ~ 

•  Cos 

82- 

1  11  1 
^1*.  '  S 1-^  ^x. 

a3  = 

Cat 

+  ai.')  A 

as 

s 

Caz  -  Bi)  /i- 

III 

Setting  A, 

“0  we 

look  for  conditions 

on 

< 

.  Note  that 

Bl  >0  ,  82-  >0  ,  and  generally  Ql  >  8i_  when 

O  <  ^  So  for  the  case  ^1  >  Bz.  t  A  <  O 

(since  B3  >o  and  <  o  )  and  J  B*--  •H/Vo  ■>*  Q 

If  <0  a  solution  is  possible  since 


If  8LHS  >0  a  solution  is  possible  since 


For  the  case  fil  <  ax.  and  ai  >  o  ,  82->o  we  get  BH  >o  , 


law.,..., - 


^  O  ,  so  we  have  A  C  C.  ^  o  \  ^  \ 

If  <o  a  solution  is  not  possible,  but  if  B  LM^  ">0 

a  solution  is  possible  since 

_  a  V  ^B*--  M  Ac. 

2.  A 

Only  the  situation  Bl  <  S  2-  and  <  O  leads  to  an  im¬ 

possible  first  guess  as  we  have  programmed  it,  and  BLHS  will  be 
only  for  certain  values  of  'Ci"  <•  O  .a  case  we  do  not  treat 
here. 

Secondly  with  O  <  <  -^  ,  and  setting  C^,"  ->  © 

on  the  basis  of  the  characteristic  equation,  we  need  to  see  in  what 

V 

domain  of  angles  might  lie  so  that  ARKS  (3  A  to  )  and  BRtjS 
(3.l({  )  will  be  ■>■0  (required  since  ALHS  (3- HO  ),  BLHS 

(3.  lit  )  in  this  domain).  With  dissipation  in  layer  2  the 

Snel 1  equat i on  are 


(A) 


W|  -  III.  cosk^l.-  til,  —  AR-HI 


=•  AlK5 


S./6 


(B) 


k.4  c«S  Sink  Va."  +  cos^  ^ 


*  Bums 


f.f? 


ALHS  and  BLHS  are  >o  for  o  <  ^ 


^  O 


Chart  of  angle  domains  and  resultant  ARHS,  BRHS  of  the  Snell  equation: 
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A 

4 

A^MS 

0  <  <«o 

>  o 

<  o 

>o 

<o 

f- 

>o 

>o 

p» 

tv^er 

>o 

-OO  <<^."<0 

<  o 
f''- 

>  o 

<o 

r- 

>o 

■^o 

l"‘- 

do 

1 

! 

' 

i 

O  <<^^<00 

<o 

<o 

<.o 

p*- 

^  o 

<  o 
p’' 

>  O 

c.i'^^re  1” 

'OO  <<<.!'<  o 

<o 

<  o 

f''- 

<  o 

<o 

<  o 

>o  ! 
pr 

ej^tr- 

>  o 

1 

So  we  can  not  eliminate  any  section  within  0  <  ^  on 

Snell  considerations  alone.  Everything  depends  on 

We  must  examine  more  closely  the  refraction  law  in  order  to  establish 
criteria  for  selecting  the  transmitted  angle. 

We  saw  that  in  the  nond i ss i pa t i ve  case  the  imaginary  part  of 
angle  for  critical  reflection  and  beyond  will  be 

(with  V'  -0)  Xw"  '  Ak((,  ^  -  ((  -  ) 

With  dissipation  in  layer  2  ^  0,  and  if  ‘f."  =0  solution  will  be 


< 


X 


<  O 


so  that 


lu<_  cos^v  =*•0 

j".  J.O 


In  the  first  Snell  equation  we  require 

S  *  -a  W,.  COS{\  -  ku  tos  >0 


■ysacB: 
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I  *1 

^1.  ^  a.  j  Vi.  ^  O  ij  a  compatible  solution. 

For  the  case  in  which  ^  ®  BJ-HS"  ~  Ki  Cof  C^,  Sc^C^  O 

We  first  consider  conditions  which  might  allow  to  stay  at 

now  that 


From  Cask  C</  =  k^.  Sfc.sC^i,'  task.  -  ki_  si.v,k 

S.JLZ^ 

Cos  C</  C^,"^  =  kc  coy  (fj  Sutk  4.  k»!  C<wk  Vj' 


and 


we  get 


kj  ^l'  cosk  ^<1 


( 


kJ' 


CoS  ^i*  Si»\k  C(,' 


r.iy 


(0  I  ^  \  M 

and  drop  out  k.  is  assumed  =0. 

Further,  for  that  model  and  Incidence  angle  combination 


C-OS^  = 

k.  <• 

-  i  K, 

cosk 

or 

S.;l£ 

cosk  C<t,"  =■ 

k.  cos  Cf,' 

k: 

-St^k 

So  i f  condi tions 

V  1 

,  k«.  allow  ^1, 

T 

*  ,  then 

kJ.  C 

being  arbi trary , 

k,  determines 

,  Examining 

the  terms  in 

this  equation  we 

expect 

4«i-^  tc.‘ 

4a^k  t<.‘' 

to  be  large  and 

K' 

kj' 

=  Co 

Cl. 

so  for 
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dissipating  locked  (where  i/,"  ^0)  modes 

to  oc>  or  VJ‘  O 

The  equation  says  that  for  ^ 


as  e i ther 


if  ■==.  o 


I  <» 

RHS(5.21)  blows  up  and  requires  either  to  — »  's-o  or  ■v*.  =0. 


That  is,  for  = 


•  -  3- 


,  if  modes  are  either  nonat tenua t i ng 


(  f<.‘‘  -0)  or  if 


<  _  3 


,  then  either  oj  — ^  CkO  or  ~ 


If  modes  are  attenuating  (  ^O)  then  if  also  ^  ^  neces- 

sarily  tu  ><0,  if  the  mode  is  attenuating  and  if  also  ^ 

then  ®  .  These  issues  are  raised  to  clarify  behaviour 

of  the  Snell  algorithm  where  it  was  found  that  for  a  specified  con- 

vergence  accuracy  a  range  of  incidence  angles  Q,  with  =0 

^  I  IT 

leads  to  propagated  angle  with  real  part 

I  _  ■J£ 

Equation  5.21  says  the  relation  is  unique  and  the  result  "•  ^ 


for  a  range  of  arises  either  from  insufficient  accuracy  being 

specified  in  the  Snell  algorithm  (we  use  generally  convergence  to 

-S'  TC 

\o  )  or  angle  solutions  being  infinitesimally  less  than  . 

We  would  also  like  to  determine  when  wi  1  1  be  'P'  0.  For 

(/J  <.  ^  and  with  k.  =0  we  look  at  the  limiting  cases.  We 

’av**  eqj.ifions  5.13  “^nd  5.1i  on  page  /!/  .  For  ^  then 

"  6  oiC?  .  LHS(5.IS) and  for 


ll 

-.a  y  that  in  equation  5.1*^.  Equation  5.18 

,  I  ■  I  ll 

•  atisti^d  because  the  terms  li,_  s^Ut.  c.osh 
>>>,>  ,..freme  of  kj^"  very  large  it  would  be  necessary 
As  a  result  we  see  that  when  =o 

:  r,.qoires  attenuating  waves  in  layer  2  at 
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X 

J- 

When 

1  >  o 

dissipation  may  lead  to 

or 

<o 

depend i ng 

on  the  relative  magnitudes 

K." 

and 

kj' 

c/.'‘ 

»  O 

■>o 

1.1.“ 

»  o 

<  o 

We  can  seek  the  point  for  ^<•*'>0  at  which  Vx.*'  =0  giving 

the  transition  from  growing  to  decaying  waves.  Going  to  equations 
5.18  and  5.1*^  and  setting  =«0  g i ves 


k 

!  S(^  cos(x  tf," 

^  kx! 

cosl\ 

S.J.it, 

k 

.  CoS  <</ 

^  k*' 

cork 

^■1.1 

and 

kv* 

4<^  ' 

4av»k 

II 

wh  i  ch 

is  exactly  the  same  equation  as 

for  ^ 

X 

a_ 

.  k.' 

and 

1 

V 

^L. 

fail  out  above .  So 

at  this  combination 

of  Hi 

and 

k,„ 

and  can  have  several  values.  In  particular  they  can  be 


and  a  function  of  (as  we  saw  above)  or 

*  o  and  a  function  of  /v.i  ,  but  not  both.  To 

determine  the  actual  vaiue  of  h!  at  which  ^  o  we  use 

__  4cuv  ^ 


and  the  Cp  relation 
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* 


Suv(<,'  C.si»£<," 


and  get 


For  *0,  the  nond i ss i pa t i ve  case,  it  says  ^  in  order 

for  -0.  For  1 1‘  >o  we  require 

1-  X,'  (|f)‘ 


C. 


ruw 


Case  1;  choose  Cp  =  C.,_  (critical  angle  case)  then  in  order 


I  I 

it  is  necessary  that 


<  [ 


The  transition  angle  is  less  than  the  critical  angle. 

I 

Case  2.  ^  Solutions  must  be  at  larger  values  of 

as  Cp  decreases,  but  the  domain  of  defined  by 


-  St-N 


--■(Si 


:p>  o 


gets  bigger  too. . 

Solving  for  itself  we  get  a  quartic  in  ^ 


=  o 
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•  c?  •  P  i-  +  ? 


We  have  called  this  angle  the  speculative  angle.  Conditions  (model 
values)  do  not  permit  its  existence  along  the  phase  velocity  locus 
we  have  defined  for  <  Cj_  ,  the  locked  mode  region,  when  the 
constraint  ^  imposed.  There  is  instead  a  discontinuity 

with  O  on  one  side  and  T'  O  on  the  other. 

does  exist  in  the  leaky  mode  region  of  incidence  angle, 

We  will  choose  to  eliminate  <{^  ^  on  physical  grounds.  In 

the  computer  program  both  domains  O  <  ^  ^  and  -  oo  <  <  o 

are  searched  for  a  solution  with  o  <  <^  '  <  ^  first  sol¬ 

ution  found  is  taken.  The  domain  searched  first  is  determined  by 
whether  the  nond i ss i pat i ve  case  critical  angle  has  been  exceeded, 
since  propagated  waves  in  the  underlying  medium  are  expected  to  have 
negative  imaginary  part  of  angle. 

5.5  Summary  of  observed  behaviour  of  the  reflection  coefficient  and 
of  the  Snell  algorithm  for  Cp  <  C2:  (locked  modes) 

Along  any  particular  locus  Cp=constant,  for  >0  ,  we  exa¬ 

mine  cases  of  low  and  high  attenuation.  For  low  attenuation,  say 
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I  ^ 

““  •  O®  •  nepers/m: 

As  increases,  I  R  1  increases  from  a  value  ^  I 

increases  and  decreases  from  a  value  ">0 

When  goes  to  ^  flips  negative.  (t  will 

start  becoming  less  negative.  |  r1  goes  to  >•  I  and  starts 
gett i ng  closer  to  1 . 

For  high  attenuation: 

After  the  flip  |r|  will  decrease  but  be  >l  with  i/d  ~  ^ 
and  'cl,  becoming  less  negative.  mi,  can  come  off  of  i_ 

and  |r1  still  >1  .  Eventually  1r|  may  drop  to  less  than 


So  as  attenuation  goes  up  the  point  of  flip  to  <  O  , 

*  l_  comes  at  steeper  and  steeper  (smaller)  values  of  V/  . 
For  (not  included  in  domain  of  Brek.  contour  deformation) 

we  examine  cases  of  low  and  high  attenuation. 

For  low  attenuation  say  ^  .oo  I 

As  (('  increases  increases,  gets  more  negative,  and 

1r^  increases  from  <.  ( 


For  higher  attenuation: 

As  increases  there  may  be  a  point  where  C?*.*  will  drop 

back  a  little  then  continue  increasing.  QJ*  will  fall  to  a 
smaller  negative  value  and  then  begin  to  get  more  negative,  where 
as  before  the  jump  it  was  getting  less  negative. 

*  {M  \  ^ 

As  decreases  along  a  locus  of  constan^  Cp  will  in¬ 
crease  from  its  O  value  at  the  locus  limit  '  O  ). 
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As  attenuation  goes  up  the  point  of  jump  occurs  at  greater  and 
greater  values  of  .  |  r(  will  jump  back  but  continue 

to  increase  although  <  | 

* 

This  behaviour  is  illustrated  in  figures  5.2  and  5.3. 


5.6  Analysis  of  magnitude  of  R  discontinuity-refracted  angle  dis¬ 
continuity:  ^ 

We  have  seen  the  behaviour  of  the  propagated  angle  for  the 

case  ku  finite  and  =0  (Many  authors  have  used  *fi  =0,  it 

does  not  satisfy  the  complex  characteristic  equation,  however).  We 
saw  that  solution  (of  the  Snell  equations)  was  at  Cf J  <  ^  , 

_  Now  as  and  are  changed  along  the  locus  de¬ 
fined  by  ^ 

Cp  =  - - 

what  can  we  expect  of  ■  Should  we  get  the  observed  discon¬ 
tinuity  in  or  or  both?  Recall  the  Snell  equations  we 

are  dealing  with  for  the  nond i ss i pat i ve  ocean 


Ccssk  = 

ft 

cas4  ‘Z*,  -  C9S  ifj  Stt^k 

i’.if 

k/  Cor  — 

kt  C«xX  'if  J 

s«hK  cosfx  CfJ* 

S.la 

LHS  (5.;)*^)  is  fixed  by  the 

Cp  relation 

In  fact  LHS=  "=  }?.  C^f) 

for  fixedto.  In  5.J5  ^s 

decreases  Cf,*'  increases 

LHS  (5.35)  increases. 

i .  e . 

d  (  ■)  ) 

- - -  <o 

In  the  computation  to  generate  figure  5.2  and  table  5.2  frequency 
was  fixed.  In  the  iterative  solution  u>  varies  also  as  is 
shifted  along  a  contour  in  search  of  the  eigenvalues  to, 

However,  is  a  weak  function  of  oo  ,  and  for  li.*^  proportion¬ 
al  to  to*  if  is  independent  of  to 
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S.iO 


Thus  we  see  that  as  is  brought  away  from  ( ‘(i  ,  O  )  along 

the  Cp  locus  the  waves  at  angle  (^,  have  increasing  growth  by  the 
same  phase  velocity.  We  find  that  as  gets  less  grazing  (with 

Cp  held  constant)  ^(|_  will  go  to  with  and  we  have 

shown  the  angle  at  which  this  could  occur,  namely  when  in  equation 

c.os(\  (/i!'  s.3(^ 

and  in  equation  S3S  -  ,, 

K\  CoS  SinK  c^i  =5  cosK  S.il 

Now  as  vary , will  vary  so  as  to  increase  RHS  (5.35) 

while  keeping  RHS  (5.3*/)  constant.  We  need  to  relate  the  change  in 
(fj  to  change  in  ({J*  and  then  find  the  point,  if  any,  at  which 

a  (  (LHS  C^-2-  =  O 

6  <<J  <  O 

This  should  be  the  point  at  which  a  change  from  <o  to  "^O 

would  be  required  in  order  that  RHS  (5.J5)  continue  to  increase  as 
<(,'  decreases.  From  equation  5’i‘i  we  have 


^  CoS 

kj  Vv.' 


5.3  8 


Then  in  equation  5.35:  LHS  (5-35)  ^ 


The  first  term  on  the  right  in  equation  5.35  is  negative  and  gets  less 
negative  as  decreases  (  increases  toward  ,  and  the 


behaviou 


r  of  is  undetermined  now).  If  *  were  to  get  to 


For  fixed  ,  say  -0,  increasing  will  also  cause 

to  go  towards  T 
i- 

u'lH  defined  as  (Cp)  such  that  =0. 


must  become  ">0  in 


and  be  constrained  there  it  is  clear  that 
order  for  RHS  (5-35)  to  grow.  In  the  special  case  when  parameter 
values  permit  we  would  reach  ^  so  that  in  equation  S.Z‘i 

and  ir\  equation  5. 35" 

IC  /  C.OS  Cf,'  =  ktJ  cosk 

kj 

i’Y/ 

If  IfJ  grows  toward  but  a  maximum  is  reached  in  the  function 

RHS  (5.3j)  (under  the  *<i',U,"(Cp)  constraint  and  with  )  it 

will  be  necessary  for  to  become  '>'0  .  RHS  (5.35)  could  be¬ 

come  less  negative  by  making  (^^^1  less  negative  or  by  increasing 
.  In  fact  we  observe  from  the  computer  results  that 
increases,  but  becomes  more  negative  as  ^  ,  with 

going  to  zero.  This  behaviour  is  seen  to  hold  in 
the  limiting  case  of  C(J  — =»  where  from  equation  5.3y  the 

phase  velocity  constraint,  we  have 
coJ^  ({J'  ■=:■ 

S* 

Since  the  second  term  in  the  numerator  must  be  getting  less  negative 
(going  to  zero)  in  order  for  RHS  (5.35)  to  grow,  the  numerator  is 
growing.  In  the  limit  of  tfj  a.  ^-6.  the  denominator  is  constant, 

to  first  order  "=  ,  so  that  coal\  must  be  growing.  Thus 

is  seen  to  be  getting  more  negative  as  _i^  ^  .  So  we  see 

that  the  discontinuity  in  solution  to  the  Snell  equations  arises  from 
the  constraint  that  o<  ^  and  by  the  locus  we  have  chosen  to 


follow  in  setting  angles  .  The  first  constraint  is  based  on 

the  radiation  condition.  For  •>  -5  waves  are  traveling  upward 


from  o*>  toward  the  interface.  If  we  relax  this  constraint  we 

find  multiple  roots  of  the  Snell  equation  -n-  „ 

(  >  z  .  ®  ) 

and  (  ^iJ  ^  I  <  O  )  for  values  of  ^  o'" 

(  <  i.  .  >0  )  and  (  ^  <  O  ) 


These  roots  lie  in  the  complex 


5.7  Comments  on  angle  trajectories  ^ 

In  table  5.2b  and  figure  5.2c  we  present  the  locus  of  re- 

fracted  angle  as  (^,  is  varied  along  the  locus  Cp*1750  m/sec.  The 
speculative  angle  is  seen  to  occur  at  ^  t.ot.'loS'  radians.  For 
angles  C(,‘  along  the  locus  for  which  J'  <  O 

V 

When  Cp  is  also  taken  as  a  variable  these  loci  form  two  sheets  in 
space.  In  figure  5.2.b  we  illustrate  the  multiple  |r1  values  cor- 
responding  to  the  loci  above,  as  %  is  varied  along 

(  Cf  =  1  vary  smoothly  along  either 

curve  and  to  have  values  both  >\  and  <.1  as  complex  incidence  angle 

is  varied.  If  we  had  an  apriori  criterion  for  setting  the  sign  of 

the  iteration  routine  could  be  constrained  to  one  sheet  (  >■0  or 

<o  )  and  difficulties  of  convergence  through  a  discontinuity 
avoided  altogether.  In  implementing  the  Snell  algorithm  we  felt  that 
the  choice  was  as  reasonable,  valid  and  arbitrary  as 

'>o  or  on  physical  grounds.  For  the  multilayer  guide 

and  in  the  leaky  mode  region  we  will  find  solutions  for  which  ^ 

and  IfJ*  '>o  »  although  angles  in  layer  two  for  which 

(fj  ■>  and  could  just  as  well  have  been 


chosen  to  satisfy  the  layer  1,  2  boundary  condition. 


In  a  complex  wavenumber  formulation  of  this  problem  leaky  modes 
are  defined  as  modes  for  which  5*0  That  is,  If  <0 

and  the  wave  is  expressed  as  ~  .  motion 

is  confined  to  the  vicinity  of  the  waveguide.  There  is  exponential 
decay  in  the  bottom  halfspace.  Authors  such  as  Watson  (ref.  35  ) 

using  a  complex  wavenumber  formalism  have  depicted  branch  lines  in  the 
integral  expression  for  the  field  along  =0  and  amplitude  decay  of 


where  V  * 


the  field  is  ^  where  1)  ~  J 

waves  are  described  by  ercf  C**- 
In  the  region  for  which  K>  ft  (i.e 

velocity  real  and  <  C^.  )  this  leads  to 


Presumably  his 


:t)  With 

(i.e.  locked  modes  with  phase 


il 

1 

^1 

II 

-  cTV 

in  layer  two 

i  s 

.  ^  > 

^  Cu  ‘ 

1  i  - 

In  the  region  for  which  energy  leaks  and  Cp  becomes  complex. 

If  RuCv)  >o  the  wave  will  behave  as  +  V  ^ 

Characteristic  equation  roots  for 

•V 

(steep  rays)  are  found  displaced  into  the  first  quadrant  of  the  k. 
plane  when  <0  is  taken  (growing  waves).  The  branch  line 

lies  along  the  real  axis  and  then  goes  to  along  the  imaginary 

axis.  R.t.  ^  —o  is  along  that  path.  The  first  quadrant  of 
space  then  corresponds  to  either  1)^0  depending  on  which 
sheet  is  chosen.  Along  the  real  |C  axis  ahead  of  the  branch 
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points  y  niay  be  chosen  as  <C  ^  depending  on  the  sheet  chosen. 
Behind  the  branch  point  on  the  real  K.  axis  V  =0.  Satisfaction 
of  the  characteristic  equation  puts  poles  on  the  real  axis  in  the 
locked  region  and  off  the  real  axis  in  the  leaky  region.  Watsons  fig¬ 
ures  1  and  2  sketched  in  figures  5. Ho*  and  5. Mb 


(  Intentionally  left  blank  ) 


show  a  contour  deformation  to  minimize  the  branch  line  contribution  at 

the  expense  of  including  leaky  mode  poles  on  sheet  and  (+,-) 

sheet.  No  poles  are  depicted  for  on  the  (+,+)  sheet. 

Of  interest  here  also  is  the  observation  that  the  branch  line  exists 

for  ^  or  .  In  an  incidence  angle 

formulation  this  would  correspond  to  rays  at  angles  steeper  than  the 

critical  angle  (small  incidence  angle)  for  which  ^  J- 

(Although  the  branch  line  contribution  is  commonly  associated  with  the 

critically  refracted  wave,  and  the  major  contribution  to  the  integral 

will  in  fact  occur  near  C  ^  , ) 

We  have  plotted  our  incidence  angle  and  reflection  coefficient 

■>* 

discontinuity  occuring  for  incidence  angles  y  critical  angle. 
What  we  are  encountering  then  is  not  a  branch  line  crossing  but  a 
Riemann  sheet  switching,  away  from  the  branch  line  Kxj'  aO,  along  the 
locus  ^  .  Brekhovskikh ' s  figure  122  shows  the  branch  line 

in  the  plane  occuring  for  angles  going  to¬ 
ward  =  oO  •  global  exploration  of  the 
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transmitted  angle  and  reflection  coefficient  values  along  any  ^iCCfJ 
loci  has  shown  the  discontinuity  beyond  s 

continuity  but  a  maximum  in  |r|  ,  for  .  That  is, 

we  observe  in  Table  5*3  for  values  of  >  Cj_  smooth  variation 

in  ,  l<^.\  and  ^  R  as  t//  increases  (with  de¬ 
creasing)  towards  ''®3l  part  of  refracted  angle  reach¬ 

es  a  maximum  <  ^  the  imaginary  part  decreases  through  zero  to¬ 
wards  negative  values,  the  reflection  coefficient  magnitude  reaches  a 
maximum  and  the  reflection  coefficient  phase  decreases  through  zero  to 
negative  values.  ^ 

We  have  computed  ~  cor^fj  corA 

along  these  Cp  loci  as  well  and  find  that  for  <  Cj.  , 
corresponds  to  the  f  sheet  (decaying  waves).  Angle  solutions  with 
>0  lie  on  the  - 1?  sheet.  In  the  region  C  ^  >  C  angle 
solutions  for  which  O  may  be  on  either  sheet.  For  bottom 

halfspaces  with  slight  dissipation  starts  <  O  at  ~ 

As  C/l  is  brought  away  from  r,*.,  (growing  waves) 

becomes  >(5  at  the  speculative  angle,  but  the  angle  is  still  on 

the  +  v)  sheet.  At  the  branch  line  and  k.2.x  becomes 

V 

SO  that  is  on  the  -j)  sheet.  These  regions  are  depict¬ 

ed  in  figure  5.5b.  The  following  values  were  obtained  for  Model  la 


U  ^  ^  * 

10  J!L  y'l.So'lK.iO  <J.tOXJ6  »7.So-f<io  s:  2.i  X.(c 

»ec- 


5x10^  3.o4  (.  “I  XIO  I  X  to*"*  ~  <i'<}  - 

X.HiKlO  2,Ikio^ 
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We  also  note  at  Q,  spec  and  the  following  values  of  ; 


u' 

5fe<. 

(p" 

aytc. 

v' 

8i_ 

q ' 

(p" 

'<1.  ec 

In  So 

C-S^^yAi'o 

.^SSoi. 

O 

.<^SSoXS(,S 

.3 

i.N  x^o 

Tooo 

5  X  lo* 

•  MM  m 

O 

.3 

T.L,  X  <0 

(O  Oo  o 

<  .oiyo  T 

.0  750VA 

,  lOOJL  1 

_  -A 

3.3Cr  XiO 

So  the  branch 

line  P  =0 

does  not  correspond  to  ^  .  The  line 

C(v'  .  1 

i  s  the 

line  of  d I 

iscontinuity  in 

,|R.( 

i  n 

the  region  C.p  <  Ci_  . 

In  the  region  C^>C«_  (steep  rays)  we  pass  through  =0  but 

never  get  to  (fj  *  i  as  increases  along  a  Cp  locus  to 

liwx  •  leaky  mode  region  is  best  delimited  by  •=  O 

rather  than  either  *  A.  multiple 

value  of  (i.e.  >  O  )  for  the  same  Kx  arises  in  the  an¬ 

gle  formalism  recall  that  we  have  used 

^  C  Cesk  -  k.  coSkC^  fc^k 

krf  •=■  CoS  Stnk  +  k.**  cesk  C^"  j 

=  A  (  Cot  («'  c<ui\  <c'  f  t"  <^"J 

^  C Sfc^k  C^*'  —  coS  Cf  ccjrk  (^''J 

Now  the  characteristic  equation  requires  if  (r(  <(  and 

the  contour  integration  is  over  Brekhovsk i kh ' s  final  contour  P 
shown  in  figure  2.5k  •  Then  given  a  value  of  K  we  have  a  unique 

value  of  C(^  namely  one  confined  to  the  sector  0<  ^ 
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However  there  will  be  two  complex  angles  satisfying  the  re¬ 
fraction  law  and  thus  preserving  .  One  will  have 


f  and  the  other  have 


In  the  region  >  Ci 


,  I  ^  n 

our  Snell  algorithm  returns  a  value  ^  reaching  a  max¬ 
imum  at  the  speculative  angle  where  goes  through  zero.  The 

trajectory  of  is  shown  in  figure  5.(3  •  In  the  locked  re¬ 
gion  it  was  seen  to  be  that  shown  in  figure  5.3. 

This  corresponds  to  picking  up  the  root  < 


X 


for  which 


<  O 

start  with 


and 

and 


<  O 

Cp  > 


So  we  see  that  when  we 
and  close  to  zero 


so  that  we  are  in  region  (a)  of  figure  5.5*>  we  are  on  the  +  sheet. 


As  we  move  up  along  locus 

« 


goes  towards 


and  reaches 

I 


a  maximum  as  goes  through  zero  at  the  speculative  angle  of 

is  still  •  <^5  1^/  increases  further  de- 

3 


creases  and  (f 


Increases  until  the  branch  point  is  reached  at 


which  ^  O  The  relation  between  ^ 


is  nonunique,  but  the  additional  root  in  has  ^  which 

we  exclude  in  the  convergence  routine,  and  the  additional  root  of  K 
in  has  K,  <  o  which  is  excluded  as  being  outside  the  contour 

of  interest. 

In  the  region  Cp  <  (region  (c)  of  figure  5.5’^  )  we  start 

out  with  ^  <z  o  .  follows  a  trajectory 

ta  '  H 

which  is  interrupted  by  the  artifical  boundary  =  x~.  beyond  which 


,,  t  X 

it  continues  into  the  region  a_  •  This  solution  starts  on 

the  ^K-.  sheet  and  remains  on  it.  The  other  angle  solution 

starts  on  lij_  >o  stays  on  it.  From  the  work  of  Watson, 

3 

Rosenbaum  (ref.  )  etc.  we  expect  that  for  t^>Ci_  field  calcu¬ 
lation  will  require  poles  on  the  |»^  ">0  sheet.  Characteristics 

for  "leaky  modes"  are  given  in  table  5.5  and  5.8  for  poles  which 
satisfy  •  Since  the  reflected  wave  in  either  layer  is 

g i ven  by  we  see  that  permissible  Snell  solutions 
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for  >  Cj_  in  the  multilayer  guide  lie  along  the  trajectories 

depicted  in  regions  I  and  II  of  figure  5.  l3  .  Both  waves  should 
start  on  the  sheet.  In  the  region  one 

wave  is  on  the  plus  sheet  and  changes  downgoing  to  upcoming.  The 
other  is  on  the  minus  sheet  and  changes  from  upcoming  to  downgoing. 


5.8  Reflection  Coefficient  Phase-  Phase  advance  or  retard  at  the  turn¬ 
ing  point? 

We  have  written  the  reflection  coefficient  phase  as 


X 


[ 


-  Y 


where 


r,>,  (h) 

U  (.»)/>  (h)  (H) 

S.H<^ 


With  dissipation  we  have  used 


a., 


Au  e 


CV.vlf.i'-t  CUt-i.')'- 


C(> 


li- 


S.H1 


for  the  layer  over  a  halfspace.  Computer  results  are  discussed  below 
for  these  forms.  First,  however,  consider  phase  shift  upon  total  re¬ 
flection.  If  C,  and  Cj.  are  real,  C,<Ci.  and  then 

total  reflection  takes  place.  In  this  case  becomes 

pure  imaginary.  The  transmitted  waves  are  inhomogeneous.  The  re¬ 
flection  coefficient  can  be  written  in  terms  of  and 

_§L  »  ~  P'  ka.2) 

^  "f  p, 


as 
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Then  since  is  real  and  pure  imaginary  A  and  8 

are  complex  conjugate  and  £  ,  in  the  nondissipative 

A 

case,  Aki  (ref.  iz,  )  has  stated  that  there  is  always  a  phase  ad¬ 
vance  associated  with  total  reflection  and  the  fact  that  it  should 
be  in  advance  and  not  an  additional  delay  can  be  proved  from  the 
radiation  condition.  The  radiation  condition  requires  vanishing 
waves  as  —^oo  •  Aki  uses  wave  forms 

^  Po  Qx-cui.  -  C 

In  this  case  it  requires  lm(ki^ )  to  be  negative.  Using  equation  5.39 
we  have  at  critical  reflection 


Then  if  in  layer  2, 

-  o  i  A 

*  c.  ^  e 

-**Hv  5 

and  we  require  the  -  sign  in  2-  nongrowing  field,  we  must 

have  3  ^  formula  above  was  derived  for 

z  axis  down,  so  there  will  be  a  phase  delay  4^  ^ critical 
reflection. 

Similarly,  Brekhovskikh  in  equation  Brek.  3.19  gives 


K 


Cos  -  ic  J  't  -  M*"  ^ 

m  Cos  ^  K  c<^  ^ 


and  he  has 


wi  th 


4)  - 


-  2.<X»C.4e<r 


»»*  COS  ^ 


corresponding  to  phase  delay. 

Phase  behaviour  in  the  complex  angle  formulation  is  difficult 
to  anticipate.  We  have  seen  the  following  tendencies  in  our  algor¬ 
ithm  for  phase  velocities  lower  than  C2  ("locked  modes").  For  any 


particular  phase  velocity  Cp  and  k*^  ,  as  y,'  and  are  varied 

along  the  Cp  locus,  reflection  coefficient  phase  is  negative  corres¬ 
ponding  to  phase  delay,  and  varies  only  in  the  fourth  decimal  place 
as  decreases  to  the  speculative  angle.  At  the  discontinuity 

phase  becomes  positive  and  varies  monoton i ca 1  I y  thereafter,  in  the 
leaky  mode  region.  Phase  advance  is  smaller  for  smaller  ,  * 

We  indicate  in  table  5.3  magnitude  and  phase  of  the  reflection  co¬ 
efficient  on  either  side  of  the  spec,  angle  for  selected  values  of 
Cp  and  K'^  For  the  Pekeris  model  reflection  coefficient  is  inde¬ 
pendent  of  frequency  (except  for  second  order  frequency  dependence  of 


).  These  values  of  phase  versus  incidence  angle  should  not 

be  compared  to  the  usual  reflection  coefficient  versus  ,  where 


'</'  is  assumed  -0.  (That  comparison  is  made  with  figure  5.1). 


Note;  Tolstoy  has  given  the  reflection  coefficient  for  total  reflect¬ 
ion 

O 

-  C. 


P. 


( 


©  =  f 


.  / 

■  W.j.  J 


Using  normal  impedance  equality  at  the  interface  so  that 


z  = 


_  I  » 

1  -  ^ 


S>So 


and  the  general  relation 


kA 


1^ 


S.St 


so  that 


(i 


“A"'  =  .i. 


I  h  R. 


SSX. 


we 


solve  for  R 


ii: 


1  (; 
'  f.i 


where 


Tolstoy  has 


Similarly  we  find 


where  he  has 
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5.9  Pekeris  Model  Dispersion  Results: 

We  have  implemented  the  Brekhovskikh  theory  and  run  it  for  sever¬ 
al  models,  most  thoroughly  for  model  lA  consisting  of  a  homogeneous 
ocean  over  a  dissipative  acoustic  halfspace.  Dissipation  in  the  half¬ 
space  was  varied  from  .0001  nepers/m  to  .01  nepers/m.  Other  model 
parameters  were  cl“1500  m/sec,  K1"“0.  n/m,  C2“2000  m/sec^  while  layer 
thickness  was  1000  m.  Dispersion  results  are  plotted  in  figure  5.6. 

V 

In  figure  5.5  pole  positions  are  shown  in  the  complex  plane  for 

modes  0,  1 ,  2  at  several  values  of  K^".  As  K^"  increases,  poles  move 
out  into  the  first  quadrant.  As  «  there  appears  to  be  a  ten¬ 

dency  for  ‘f."— ^  oo  as  suggested  by  Brekhovskikh.  Curiously  for  any 

V 

given  K^",  values  move  toward  the  real  axis  as  mode  number  in¬ 

creases,  although  the  attenuation  coefficient  will  increase  as  m  in¬ 
creases.  Figure  5.6  shows  frequency  versus  the  real  part  of  phase 
velocity  both  for  locked  and  leaky  regions  of  low  order  modes  0,  1, 

2.  Dispersion  results  are  presented  in  tables  5.^  and  5-5.  In  ta¬ 
bles  5.^  and  5-5  are  frequency  and  angle  solutions  to  the 

nond i ss i pat i ve  model,  phase  character  is i t ic  equation  ill..  These 
are  used  as  initial  values  in  the  iterative  solution  for  the  dissipa¬ 
tive  model.  are  solutions  after  convergence  for  the 

dissipative  model  with  both  character  i  s  i  tc  equations  3.//Z-and  3.//3 
requiring  satisfaction.  Only  in  the  leaky  region  are  there  dis- 
cernable  differences  between  eigenfrequencies  for  the  nond i ss i pat i ve 
and  dissipative  models.  In  the  locked  region  angle  and  frequency  dif¬ 
ferences  between  iio  are  extremely  small.  The  major  effect 

of  including  K^"i^0  is  introduction  of  a  finite  imaginary  part  of  angle 
in  layer  1. 

Dispersion  results  can  be  distinguished  by  whether  the  indepen¬ 
dent  phase  velocity  parameter  was  chosen  in  the  locked  (Cp  C2)  or 
leaky  (Cp'>C2)  regions.  For  the  locked  region  we  observe  that  eigen¬ 
frequencies  are  lower  than  in  the  nond i  ss i pat  i  ve  case.  Eigen- 

incidence  angles  are  also  smaller,  corresponding  to  slightly  steeper 
rays  than  in  the  nond  i  ss  i pat  i  ve  case  and  ^,*'>0  ,  so  that  the 

waves  grow  slightly  in  the  source  layer.  The  imaginary  part  of  angle 


tfi  as  seen  to  be  proportional  to  the  dissipation  parameter  K^". 
Departure  from  CO#  is  greater  for  K-"».01  than  for  K2"*.001 .  Sim- 
ilarly,  departure  from  is  greater  for  than  for  K2"*.001 . 

The  magnitude  of  the  reflection  coefficient  is  greater  for  K2"*.001 
than  for  K2"".01.  Extent  of  perturbation  of  these  eigensolutions 
from  the  nond i ss i pat i ve  case  is  shown  in  Table  5.6.  Frequencies 

for  mode  0  change  by  about  5x10  radians/sec.  for  the  case  K_"».01 

-6  ^ 
and  5x10  for  K_"».001.  For  higher  modes  at  K,"*.001,  frequency 

^  -6  ^ 

differences  were  less  than  1x10  radians/sec.  The  variation  in  Ato 

as  shown  In  this  table  is  due  to  our  specification  of  an  accuracy  of 
~k 

only  10  in  solution  of  the  characteristic  equations  iteratively,  and 
to  insensitivity  of  the  equations  to  slight  changes  in  co  .  Angle 

changes  are  found  to  be  on  the  order  of  5x10  ^  radians  for  K,"».01, 

-6  ^ 
mode  0,  and  1x10  radians  for  K«"=.001.  As  mode  number  increases 

^  -7 

angle  difference  become  infinitesimal,  going  to  less  than  1x10 
radians.  The  regularity  of  the  x,  values  as  a  function  of  Cp  is  due 
to  sensitivity  of  the  characteristic  equation  functionals  to  the  value 
of  .  Derivatives,  iteration  corrections,  and  errors  in  a  sample 

convergence  sequence  are  shown  in  Table  5.11.  The  great  sensitivity 


I  e 

to  changes  is  given  by  — 


and 


JjJ 


One  of  the  advantages  of  the  sum  of  residues  formalism  is  that 
the  locked  and  leaky  regions  (the  region  beyond  so  called  cutoff)  of 
the  complex  wavenumber  (or  incidence  angle)  planes  are  treated  in  a 
unified  manner.  Thus,  "leaky  mode  poles"  may  be  found  for  which  both 
characteristic  equations  are  satisfied.  These  poles  will  lie  on 
formerly  (prior  to  Rosenbaum,  Gilbert  etc.)  forbidden  wavenumber 
sheets.  Departure  of  rigorous  solution  from  the  unperturbed  values 
is  much  more  dramatic  for  waves  in  the  leaky  mode  region.  Since  the 
reflection  coefficient  magnitude  is  <  1  here  in  the  unperturbed  case, 
much  larger  perturbation  of  's  away  from  *(i  is  required  along  a 
Cp  locus  in  order  that  both  characteristic  equations  be  satisfied. 
Eigenangles  were  found  to  lie  in  region  c  of  figure  5.51)  and  this 
will  be  on  the  lower  Riemann  kz  sheet.  Angles  for  the  lowest  modes 
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changed  by  as  much  as  .05  radians  along  a  constant  Cp  locus;  frequen¬ 
cies  by  as  much  as  .5  radians/sec. 

Behaviour  of  the  solutions  in  the  leaky  region  is  counter  to 
that  of  the  locked  mode  case,  and  puzz  ling.  For  example,  although 
both  frequency  and  eigenangle  are  perturbed  away  towards  smaller  val¬ 
ues,  as  in  the  case  of  locked  modes,  the  perturbation  is  greater  for 
K2"“.001  than  for  K2"“.01.  Also  the  imaginary  part  of  angle  required 
is  smaller  for  Kj"*.©!  than  for  and  |R|j  oq i 

“Tkft.  Reflection  coefficient  magn i tude* end  up  being  smaller  after 
perturbation  in  this  regime  whereas  they  were  slightly  larger  in  the 
locked  mode  region.  At  this  point  we  cannot  fully  explain  the  behav¬ 
iour  of  the  solution  in  the  leaky  region  and  thus  will  present  few 
results  there,  and  with  little  confidence. 

5.10  Pekeris  Model  Attenuation  Coefficients: 

The  attenuation  coefficients  discussed  in  chapter  4  have  been 
calculated  for  Model  lA  in  both  locked  and  leaky  regions  of  the  phase 
velocity  domain  Cl<Cp<o<»  .  Results  are  presented  in  Figure  5-7 
and  5-8  end  summarized  in  tables  5.7  and  5.8. 

a.  Comparison  with  6KR: 

From  table  5.7  we  can  observe  spectacular  agreement  between  the 
residue  series  attenuation  coefficient  developed  by  Brekhovskikh  and 
labelled  ^  ,  and  the  1955  attenuation  coefficient  derived  by 

Kornhauser  and  Raney  and  labelled  SR.  Agreement  is  to  the  third 
decimal  place,  i.e.  to  better  than  1%  and  frequently  to  .\%.  This 
agreement  holds  for  both  large  and  small  values  of  K^",  high  and 
low  mode  numbers,  and  over  the  entire  tabulated  range  of  phase  vel¬ 
ocities.  The  rigorous  values  ^  have  been  calculated  from  perturbed 
eigenvalues  used  to  determine  reflection  coefficient 
the  Kornhauser  and  Raney  result  from  the  equation  lm(h)=K2"»  F('>(  ,/l  ) 
given  in  »  using  unperturbed  values  of  and  in  the 

full  equation  for  F{1(^,4  ).  We  place  confidence  in  the  results  for 
^  and  the  close  agreement  with  'S  satisfying.  It  also  demon¬ 

strates  that  the  computationally  exhaustive  search  required  for  exact 
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solution  is  unnecessary  for  the  Pekeris  guide  in  the  locked  regime, 
where  the  Kornhauser  Raney  results  are  quite  satisfactory. 

In  figure  5.10  we  have  plotted  values  of  ^  (i.e.  8KR  also)  on 

a  log-log  graph  of  5  vs.  ~A  »  several  models  includ¬ 

es 

ing  the  one  used  by  Kornhauser  and  Raney.  This  plot  should  be  com¬ 
pared  to  Figure  3  in  ref.  1^  .  Kornhauser  and  Raney's  own  graph  of 
FC'X  ,4  )  shows  convergent  mode  number  curves  plotted  on  log-log  axes 
of  F('^  ,^  )  vs  /i  .  If  attenuation  coefficient  J  is  proportion¬ 
al  to  some  power  of  ^  i.e.  S  ■»  then  taking  log  of  both 

sides  gives  \ 

5  -  Ca  a")  *  /I 

When  S  is  plotted  versus  /i  on  log-log  paper  the  slope  of  the 
line  in  linear  units  will  be  given  by 


In  figure  5.10  we  have  plotted  attenuation  coefficient  J 


S.SCf 


versus  /3 


for  the  intermediate  depth  model  lA  at  dissipation  numbers  K2"*.01 
and  Kj"*. 001^  and  for  the  shallow  water  sand  bottom  model  used  by 
Kornhauser  and  Raney  with  K2"  set  =.01.  Extrapolated  slopes  are 
shown  in  the  figure  and  given  in  Table  5.12.  Strictly  we  must  plot 


log  of  dimensionless  quantities.  ^  is  dimensionless  frequency 
^  has  units  nepers/m  and  is  made  dimensionless  by  dividing  by 


dissipation  number  K^"  to  give  a  quantity  comparable  with  the  Korn¬ 
hauser  and  Raney  quantity  F('^  ,4  ).  We  note  that  this  will  serve 
simply  to  raise  or  lower  the  curves  on  the  log-log  plot  by  (K^") . 

From  the  model  lA  results  we  see  that  at  a  given  value  of  ^ 
(frequency),  S  (K2"*.01)=10  x  S(K2"=.001).  The  figure  5.10  cur¬ 
ves  are  shifted  by  one  decade  in  F(?^,/4  ),  and  ^  is  directly 
proportional  to  K^".  The  quantity  log  A  in  equation  5.58  will  con¬ 
tain  ail  proportionalities  in  addition  to  .In  particular 

attenuation  coefficient  dependence  on  mode  number  may  be  determined 
by  noting  differences  for  j  at  any  particular  value  of  for 
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a  given  model.  Table  5.>2b  gives  values  of  ^  at  selected  values 
of  /S  for  mode)  1A  with  K2"“.01  and  model  KR  with  K2"*.001.  Our 
mode  numbers  are  shifted  by  1  from  those  of  the  KR  paper.  If  K  6  R's 

asymptotic  law  -  holds,  we  should  have  the  ratio  of 

*4  and  *9 

Table  5.12b  shows  that  the  mode  number  dependence  is  a  function  of 
frequency.  For  the  highest  values  of  \fie  have  plotted,  the  de¬ 

pendence  is  to  a  power  less  than  two.  From  the  extrapolated  slopes 
in  linear  units  we  also  see  that  the  dependence  on  /4  is  consider¬ 
ably  less  than  yi'*  .  In  the  intermediated  region  (below  ), 

for  model  lA  slopes  ranged  from  1.1  to  1.7.  Slope  is  greater  for 
higher  mode  number.  Similarly  for  the  K  &  R  model  slopes  in  the 
highest  frequency  range  presented  were  from  1.22  to  1.82.  The  cur¬ 
ves  for  model  1A  shows  an  inflection  point  at  about 

Ao|  ,  3o) 

•**•0  '  M*(  Beyond  these  points  slopes 

were  slightly  greater  i.e.  1.48  to  1.70.  Inflection  in  K  &  R  figure 
3  is  also  barely  discernable.  Our  curves  have  perhaps  not  been  push¬ 
ed  to  the  asymptotic  limit  required  for  the  K  £  R  asymptotic  formula 
to  hold.  In  light  of  the  close  agreement  between  ^  calculated  by 
the  K  £  R  rule  and  the  Brekhovskikh  method  we  do  not  doubt  that  this 
limit  might  eventually  be  reached.  Our  results  do  indicate  however 
that  the  K  £  R  approximation  is  invalid  in  the  region  where  the  dis¬ 
persion  curve  shows  character.  This  region  is  also  the  region  where 
temporal  separation  of  modes  at  a  fixed  frequency  is  possible. 

In  figure  5-9  we  plot  both  ^  and  eigenfrequency  to  in  log¬ 
arithmic  coordinates  for  model  lA  with  various  power  laws  of  body 
wave  attenuation  versus  frequency  in  layer  2.  We  have  not  reached 
the  asymptotic  limit  for  any  of  the  curves  except  perhaps  exp»1.0. 
When  attenuation  varies  to  a  higher  power  than  f'  (as  it  should  for 
liquids)  the  modal  attenuation  curves  are  seen  to  have  smaller  slopes 
and  thus  weaker  dependence  on  frequency.  For  example,  with  exp*1.2 
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at  w«IO  radians/sec  slope  of  the  curve  is  approximately  .95.  Slopes 
at  w*10  for  the  three  curves  are 

exp»l.O  slope-1.27,*  exp-1.2  slope-. 9^5,'  exp-1.4  slope®. 729 

I  27  95 

Indicating  modal  attenuation  frequency  dependence  of  f  ‘  ,  f  , 

729 

f'  respectively, 
b.  Comparison  with 

Figure  5.7  also  demonstrates  agreement  to  within  a  factor  of  2 
in  dB/m  of  attenuation,  in  the  worst  case  for  mode  0,  between  the  ri¬ 
gorous  attenuation  coefficient  and  the  intuitive  attenuation  coeffi¬ 
cient  computed  on  the  basis  of  our  physical  arguments  in  chapter  4, 
using  the  equation  and  unperturbed  eigenvalues.  If  this 

degree  of  accuracy  is  permissible  great  computational  economy  is 
realized  by  using  this  attenuation  coefficient  rather  than  the  iter¬ 
ative  solution.  Although  we  lack  results  at  grazing  angles 
(Cp-1510)  the  curves  show  asymptotic  limits  (for  small  grazing  angles 
as  (Cp— ♦Cl)  with  even  greater  agreement.  Further,  since  the  shape 
of  the  curves  are  similar  the  value  might  be  adjusted  downward 

by  this  known  factor  of  overestimation.  Results  for  many  more  models 
and  higher  modes  are  necessary,  however,  before  this  can  be  done  with 
confidence. 

The  intuitive  attenuation  coefficient  depends  on  |rI  and  cycle 
length  L  only,  and  can  thus  be  used  in  a  continuously  variable  ocean 
provided  only  that  we  can  calculate  |R(w)j  or  (R(Cp)l  and  L(w)  or 
L(Cp)  (depending  on  whether  independent  parameter  w  or  Cp  is  chosen). 
The  Kornhauser  Raney  result  on  the  other  hand  is  tied  to  the  Pekeris 
model.  The  independence  of  from  mode  number  shown  in  Figure  5.7 

arises  because  of  its  dependence  on  only  )r|  and  L.  Unperturbed 
values  of  w  and  are  used  to  calculate  |r(  and  L.  Ir|  is  only 

weakly  dependent  on  w  when  attenuation  is  introduced  into  the  bottom, 
and  for  the  Pekeris  model  shows  no  interference  effects  from  under- 
lying  layers.  Thus  1R|  and  L  are  dependent  only  on  which  is 


199 


the  same  for  all  modes  at  a  given  phase  velocity.  When  attenuation 
is  plotted  as  a  function  of  frequency  is  found  also  to  be  mode 

number  dependent  as  shown  in  figure  5.7b.  Of  particular  interest  in 
figure  5.7  is  the  bounding  nature  of  5>ht  as  the  asymptotic  limit  of 
i  for  higher  mode  number.  Comparison  of  with  ^  for  w  =  3 

in  table  5.7  shows  agreement  to  closer  than  5^,  considerably  better 
than  the  200%  for  mode  0. 

The  asymptotic  nature  of  the  intuitive  attenuation  coefficient 
arises  in  two  ways,  first  the  reflection  coefficient  magnitude  for 
the  exact  solution  with  complex  incidence  angle  decreases  towards  its 

V 

limit  at  where  the  incidence  angle  is  real.  In  figure  5-6 

we  note  how  pole  positions  shift  toward  the  real  axis  as  mode  number 
increases.  This  shift  in  incidence  angle  gives  rise  to  the  conver¬ 
gence  of  |r1  towards  Ir,|  for  any  given  1^2"’  combination,  as 
mode  number  increases,  shown  in  Table 

5.1*.  Secondly,  as  diminishes  for  high  frequency,  lower  phase 

•• 

velocity,  the  exponential  series  I  -  is  better  represented  by 
the  first  term  in  its  expansion.  That  is,  for  low  grazing  angles 
and  phase  velocities  close  to  31,  for  the 

same  (()''  .  These  numerical  observations  correspond  to  the  last  e- 

quations  in  section  4.*/ 

In  figure  5.7b  we  see  that  the  intuitive  attenuation  coefficient 
when  plotted  versus  frequency  is  dependent  on  mode  number.  Rather 
than  being  the  asymptotic  limit  of  so  that  ^  ® 


as  00  or  to ,  it  gives  instead  a  good  approximation  to 

^  for  all  m  and  the  error 

ll*j)  —  ^  O 

as  m—a^oo  or  co  -^00  ■  The  variability  of  ^<ht  with  m  Is 
understandable,  figure  5.6  shows  that  for  a  given  frequency  in  the 
Pekeris  guide  phase  velocity  increases  with  mode  number,  correspond¬ 
ing  to  steeper  rays  for  higher  mode  number.  In  figure  5.5  we  see  that 


for  the  case  K2"(w)=A' f ' R  ,  L  are  independent  of  f.  for  expon¬ 
ent  ^  1.0,  R  is  dependent  on  frequency  and  the  intuitive  attenu¬ 
ation  coefficient  is  dependent  on  mode  number. 
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lines  of  constanc  frequency,  if  drawn  through  the  curves  of  model  lA 
with  K2"'“.001,  will  have  negative  slope,  so  that  angle  and  resultant 
reflection  coefficient  will  change  with  mode  number.  As  frequency 
increases,  poles  for  all  modes  approach  the  real  axis  and  the  reflec 
tion  coefficients  approach  the  intuitive  reflection  coefficient  at 
those  angles. 


c.  Comparison  with  «  BA. 

We  have  calculated  asymptotic  approximations  to  rigorous 

attenuation  coefficient  ^  from  the  formula  given  tn 
and  present  them  in  Figure  5.7b.  For  <2"=. 01  these  curves  converge 
towards  ^  in  the  limit  of  grazing  angle  ^ ^  O  ,  however  atten¬ 
uation  is  smaller  for  nigher  mode  numbers.  For  <2"=. 001  there  is  also 
convergence  at  small  grazing  angles.  Here,  however,  increases 

with  increasing  mode  number.  The  formula  is  an  asymptotic  approxima¬ 
tion.  In  Table  5.9  we  list  the  magnitude  of  the  quantities  assumed 
small  or  large  in  the  derivation  (see  ).  From  the  equations  Y./y7 

at  the  bottom  of  page  A.  we  see  that  if  attenuation  varies  as  the 
first  power  of  frequency,  as  we  have  assumed,  the  quantities  pr  and 
pi  are  independent  of  frequency.  The  quantity  Re(p)  is  fixed  for  all 
modes  and  frequencies  once  the  model  parameters  cl,  c2 ,  k2"  are  spec¬ 
ified.  The  quantity  Ao  is  Brekhovsk i kh ' s  asymptotic  approximation 

3 

to  lm(  o<.  )  for  small  .  Table  5.9  gives  =a  A\0 

II  * 

in  this  example,  and  the  eigenangle  .  Agreement  between  ^ 

and  even  at  grazing  angles  as  large  as  .7  radians  (Cp=1950) 

is  usually  within  25'^  of  .  The  attenuation  coefficient 

depends  on  the  multiplying  factor  For  the  case  <2"=. 01 

the  imaginary  part  of  angle  and  its  approximation  ,  at  a  given 

phase  velocity,  decrease  at  a  rate  slightly  greater  than  (mode  num¬ 
ber)  so  that  the  net  effect  is  to  have  smaller  attenuation  in  the 
asymptotic  formula  for  higher  modes.  For  the  case  K2"=.001  the  imag- 


The  imaginary  part  of  grazing  angle 
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jry  pjrt  of  angle  and  its  approximation  value  ,  at  a  given  phase 

velocity,  decrease  at  a  rate  slightly  less  than  (mode  number)  *,  so 
that  the  net  effect  of  the  asymptotic  formula  is  to  have  a  larger  at¬ 
tenuation  in  the  asymptotic  formula  for  higher  modes,  as  is  the  act¬ 
ual  case.  Brekhovsk i kh ' s  approx imat ions  also  required  kh  large. 

Table  5.9  shows  that  the  approximation  KH  >>  |  p|  used  to  get  equa¬ 

tion  Brek.  27.*<0,  is  generally  valid  for  this  model,  since  I  Pl  af.5. 
The  approx imat ion small,  which  is  used  to  go  from  Brek.  11  .kl  to 
Brek.  27.43,  says  that  attenuation  is  small  over  the  distance  of  a 
layer  thickness.  Then  bjj  a  A  k  Coa  may  be  writ  ten  as 


s  I  nee 


C 


IL 

Wk 


'A  Ax 
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is  approximated  as 


JL 

kk 


Values  of  A£.k  given  in  table  5-9  would 


indicate  that  this  assumption  is  violated  for  phase  velocities 
1550  m/sec  and  greater,  and  we  confirm  the  low  mode  approximation 
is  not  in  close  agreement  for  the  portion  of  the  dispersion  curves 
deal t  wi th  here. 


d.  Comparison  with 

Finally  in  figure  5.7  we  show  attenuation  coefficient  ^iig<V 
calculated  from  our  implementation  of  the  Ingenito  &  Wolfe  perti.rba- 
tion  theory.  Agreement  is  poor  between  and  £  .  The  curves 

for  m=0,  1,  2  shown  in  figure  5-7  hold  for  both  K2"’.01  and  K2"=*.00I 
since  differences  are  small  as  indicated  in  table  5.7.  Equation  4.g3 
shows  that  £ti4<v  'S  insensitive  to  K^"  since  K^"  only  has  direct 
influence  on  the  quantity  I  A  (Ml  .  Column 

table  5.4  shows  that  there  is  less  than  a  10'^  change  in  |Rl  going 
from  K2"’'.0I  to  K2"“.001  even  for  mode  0  at  high  phase  velocities. 

fact  directly  proportional  and  most  sensitive  to  the 
normal  mode  shape  at  the  ocean  bottom  and  to  the  normalisa¬ 
tion  required  to  scale  .  In  figure  5.11  we  have  plotted 

mode  shapes  calculated  for  the  Pekeris  model  lA,  modes  1,2,  3,  0 
to  assure  ourselves  that  our  implementation  is  correct.  These  shapes 


appear  reasonable  and  have  the  required  feature  of  going  to  zero  at 
the  sea  surface.  The  asymptotic  agreement  at  low  grazing  angles  ^ 
and  shown  in  figure  5-7  is  not  meaningful  given  the  insensi¬ 

tivity  to  dissipation  parameter. 

5.11  Sens i t i vi ty : 

From  the  dispersion  and  attenuation  coefficient  results  present¬ 
ed  in  Tables  5.^  and  5.7  we  can  assess  the  sensitivity  of  the  various 
modal  characteristics  to  body  wave  dissipation  number  in  the  underly¬ 
ing  halfspace.  From  Table  5.6  we  note  a  hundredfold  greater  frequency 

perturbation  for  K."».01  than  for  K  "a.OOl.  Even  at  these  high  at- 

^  ^  -3 

tenuations,  however,  the  total  perturbation  is  on  the  order  10 

radians/sec  at  most,  and  thus  well  beyond  the  resolution  of  spectral 
analysis  even  assuming  perfect  knowledge  of  all  model  parameters  (so 
that  dispersion  curves  could  be  fit  versus  K^") .  These  dispersion 
curves  are  highly  sensitive  on  the  other  hand  to  water  depth.  Com¬ 
paring  the  eigenf requencies  listed  in  Table  5.7  for  the  K  6  R  shallow 
water  model  with  those  for  model  lA  we  see  that  a  factor  of  10  in¬ 
crease  in  depth  at  phase  velocity  1650  m/sec,  mode  0,  leads  to  a 
change  in  eigenf requency  from  67.651  radians/sec  to  7.6A5  radians/sec. 
Change  in  frequency  due  to  changing  attenuation  number  will  be  com¬ 
pletely  masked  by  slight  variations  in  depth. 

Similarly,  incidence  angle  has  an  extremely  weak  dependence  on 
dissipation  number.  Table  5.6  shows  unresolvable  directional  dif¬ 
ferences  between  dissipative  and  nond i ss i pa t i ve  cases.  At  Cp=l650 
an  angular  resolution  of  10  ^  radians  is  required  to  distinguish  be¬ 
tween  the  case  and  for  model  lA.  In  the  shallow  water 

model  this  phase  velocity  occurs  for  the  same  initial  incidence  angle 
and  the  perturbation  at  K2''*.00I  is  now  2x10  ^  radians.  However  using 
conventional  array  processing  a  vertical  array  of  length  on  the  order 

"X  ^  +9 

L-  - - -  ’=r  2x10  ^  m 

resolution 

would  be  required  at  these  frequencies  to  achieve  resolution. 


203 


The  most  sensitive  measure,  of  course,  of  dissipation  number  K^", 
is  modal  attenuation.  The  curves  of  Figure  5.7  for  K2“=.001,  .005, 

.01  show  that  modal  attenuation  is  directly  proportional  to  K^".  In¬ 
creasing  from  .001  n/m  to  .01  n/m  at  any  particular  phase  velocity 
increases  j  by  a  factor  of  10.  Similarly,  when  plotted  versus  fre¬ 
quency  as  in  Figure  5.10  scaling  by  a  factor  of  10  gives  a  10-fold 
increase  in  modal  attenuation.  We  note,  also,  however,  in  figure  5-9 
that  a  change  in  power  law  can  also  lead  to  an  upward  shifting  of 
modal  attenuation  curves.  When  body  wave  attenuation  is  measured  at 
some  reference  frequency,  like  100  Hz  which  we  have  used  in  this  study, 
its  extrapolation  to  e i genf requenc i es  for  the  model  chosen  is  depen¬ 
dent  on  the  power  law  chosen  and  will  significantly  alter  the  level 
and  shape  of  the  modal  attenuation  curves.  Although  most  investigat¬ 
ors  have  relied  on  f^  dependence,  the  several  investigations  (Knopoff 
ref.  1*1  ),  (Ingenito  ref.  io  )  which  have  shown  attenuation  expon- 

ents  as  high  as  f  or  f  ‘  ,  would  suggest  that  this  variation  must  be 

explored  in  two  phase  media.  Figure  5.9  indicates  that  changing  the 
exponential  dependence  from  to  f*’^  leads  to  a  factor  of  10  de¬ 

crease  in  modal  attenuation  for  the  model  lA  whose  e i genf requenc i es 
are  1-2  decades  below  the  reference  frequency.  Add i t iona I 'y ,  the  mo¬ 
dal  attenuation  power  law  is  seen  to  have  changed  from  f ' K  "/N*f ' 

73l  1  ^  ^ 

to  f'  ]K2‘'~f  ■  ,  measured  around  the  frequency  w=10  radians/sec. 

This  relation  between  power  laws  may  be  model  dependent.  Certainly 
the  magnitude  scaling  is,  since  increasing  layer  thickness  directly 
effects  e igenf requenc ies ,  moving  them  further  away  from  a  high  fre¬ 
quency  reference.  Results  must  be  obtained  for  many  models,  but  it  is 
clear  that  the  Inverse  problem  of  attenuation  number  estimation  is  a 
two  parameter  problem  and  thus  requires  extensive  measurement  of 
over  frequency.  Results  such  as  those  presented  by  Ingenito  at  three 
frequencies  are  minimal  for  the  inverse  problem. 

5.12  Numerical  difficulties: 

The  algorithm  used  here  as  imp  I ementa t i on  of  theory  suggested  by 
Brekhovskikh  has  been  difficult  to  work  with.  Some  of  the  problems 
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have  been  peculiar  to  an  incidence  angle  domain  treatment  and  could 
be  avoided  by  working  directly  in  the  wavenumber  domain.  In  parti¬ 
cular,  programming  considerations  connected  with  nonunique  mappings 
between  wavenumber  and  incidence  angles  discussed  in  sections  5.2  and 
5.7  have  been  stumbling  points  along  the  way  leading  to  convergence 
problems  in  the  exact  solution  where  Riemann  sheet  switching  occurred. 
In  retrospect,  these  discontinuities  can  be  avoided  by  seeking  only 
solutions  on  a  particular  V  sheet,  by  presetting  the  imaginary  part 
of  angle  and  relaxing  physical  constraints  such  as  transmitted  angle 

^  .All  solutions  for  the  locked  mode  case  were  found 

to  have  ^  ^  .It  was  only  during  the  convergence 

scheme  itself  that  intermediate  angles  were  computed  with  V/  *>  ^  . 

By  constraining  intermediate  step  angles  to  physical  portions  of  in¬ 
cidence  angle  sheets  we  have  introduced  limits  (nonlinearities)  into 
the  Newton-Raphson  algorithm  and  thus  very  likely  increased  the  num¬ 
ber  of  steps  required  for  convergence  causing  the  algorithm  to  march 
down  the  limit  line. 

For  the  results  presented  in  this  paper  iteration  limits  were  us¬ 
ually  set  at  40  steps  for  the  characteristic  equation  and  40  steps  for 
each  sign  of  propagated  angle  in  the  Snell  algorithm.  Our  algorithm 
is  successful  in  computing  perturbed  angles  and  frequencies  for  phase 
velocities  in  model  1A  Cp  >1520  m/sec  (o<  «•  .12  radians)  for  modes 
^  3  (low  order),  and  dissipation  number  >  .0005  nepers/m.  Con¬ 
vergence  has  not  been  obtained  within  40  iterations  when  all  these 
conditions  are  violated,  although  singly  the  restrictions  can  be  re¬ 
laxed  (i.e.  higher  modes  at  K2">.001,  or  lower  phase  velocity  for 
modes  0,  1).  Table  5.6  and  figure  5.5  are  useful  in  understanding  the 

convergence  limits.  For  K,"<about  .001  the  imaginary  part  of  inci- 

^  -4 

dence  angle  in  layer  1  will  be  smaller  than  about  10  .  The  real  part 

will  have  been  perturbed  by  about  10  ^  to  10  ^  radians.  As  incidence 
angle  or  mode  number  increases  «  is  even  smaller.  10  ^  radians 

represents  the  eighth  decimal  place  in  incidence  angle  at  lower  phase 
velocities,  beyond  the  limits  of  single  precision  accuracy  for  the 
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minicomputer  used  here,  but  within  the  limits  of  accuracy  for  the  dou¬ 
ble  precision  algorithm.  For  the  HP2100  with  16  bit  words  and  3  word 
(39  bit  fraction,  7  bit  exponent)  double  precision  floating  point  for¬ 
mat,  significant  numerical  representation  to  the  user  is  to  the  11th 
or  12th  decimal  digit  depending  on  the  magnitude  of  the  leading  digit 
in  the  fraction.  In  our  algorithm  it  is  believed  that  loss  of  signif¬ 
icance  occurs  in  the  exponentiation  involved  in  forming  cosh,  sinh. 
This  problem  might  be  relieved  by  more  judicious  choice  of  sequence 
operations  in  forming  the  characteristic  equation  functionals.  We 
observe  from  the  results  of  figure  5.7,  however,  that  an  effort  is  for 
our  purposes  needless,  and  actually  counterproductive,  since  the  time 
expended  in  iteration  about  these  small  perturbations  yields  small 
changes  in  modal  attenuation  coefficient,  for  high  order  or  high 
frequency  modes.  That  is,  we  suggest  for  modes  higher  than  m=3  or  4, 
or  for  grazing  angles  less  than  about  .2  radians,  that  the  physical 
attenuation  coefficient  be  used  as  a  close  approximation  to  the  rig¬ 
orous  attenuation  coefficient.  From  Table  5.7  we  see  that  for  K2"=.01 

at  Cp»1530  relative  error  wi 1 1  be  ^  -  ,„-7  ,  for  mode  0, 

5-7x10  n/m 

3.i*5xl0'^n/m 


2.4xl0'^  n/m 
3.73xl0’^n/m 


for  mode  1 , 


1 .4x10  ^n/m 
3.83x10  n/m 


for  mode  2. 


That  is,  16.51,  6.5%,  3.6%  respectively.  For  K2''“.005  relative 


errors  are 


17x10  ^n/m  -  .  -  ^  icr  r  1.2x10  ^n/m  -  j  i  .. 

_ _  for  mode  0  at  1515=Cp,  _ _  for  mode  1  at 

1 . 6x1 0~^n/m 


9.73x10  'n/m 


7. 


Cp*1525  where  convergence  was  last  achieved,  and 

.14x10  ^n/m 


2.64x10  n/m 


at  Cp»15**5  where  convergence  was  last  achieved. 


These  correspond  to  errors  of  17.5%  for  mode  0,  7.5%  for  mode  1,  and 
5.3%  for  mode  2,  when  plotted  versus  Re(Cp).  Relative  error  when  com- 
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puted  as  a  function  of  frequency  will  be  the  same  as  above  since 
neither  Cp  nor  w  are  perturbed  greatly  by  dissipation. 

For  low  order  modes  ^  should  be  used  in  the  inverse  problem 
of  estimating  parameter  values  from  attenuation.  Here  the  slope 
differences  between  S  and  SiMT  can  be  confused  with  a  variation 
in  attenuation  power  law.  For  high  order  modes,  curves  for  S  and 
iiMT  are  congruent.  used  in  attenuation  estimation, 

including  at  frequencies  away  from  the  reference  frequency,  e.g.  for 
model  1A  S  changed  by  500-1000%  at«4'“10  radians  in  going  from 
exp*1.0  to  exp*l.l*  for  K2"*.01.  The  error  at  that  frequency  for 
exp»1.0  between  j  and  was  25%  for  mode  0  the  worst  case. 

We  should  fairly  mention  that  the  alternative  and  commonly  used 
mu  1 1 i - i sove loc i ty  layer  reflection  coefficient  algorithm  is  the 
Haskell  method  (ref.3^  )•  That  algorithm  works  in  the  wavenumber 

domain  as  a  matrix  operator.  Fryer  (JASA  Vol  63,  No.  1,  JAN  78)  has 
recently  applied  this  method  to  the  computation  of  reflection  coef¬ 
ficients  and  describes  numerical  difficulties  inherent  in  its  use. 

In  particular,  the  method  suffers  from  exponential  overflow  at  high 
frequencies  and  for  low  phase  velocities  where  supercritical  re¬ 
flection  leads  to  exponentially  growing  and  decaying  solutions  below 
the  critical  reflection  point.  Considerable  effort  by  various  au¬ 
thors  has  gone  into  analytically  avoiding  troublesome  terms  in  the 
Haskell  matrix  computation.  The  Dunkin-Thrower  (ref.  Vo  )  algor- 
i thm  and  Kinds  (ref.  if  )  use  of  delta  matrices  have  been  found  to 
be  successful  in  solving  the  loss  of  precision  problem  and  to  speed 
computation.  In  our  algorithm  matrix  methods  are  not  invoked,  rath¬ 
er,  a  Newton-Raphson  search  method  is  employed  at  each  interface  to 
determine  propagated  angles,  and  a  complex  angle  formulation  of  the 
three  layer  recursive  reflection  coefficient  is  repeatedly  calculated 
to  propagate  the  reflection  coefficient  to  the  ocean  bottom.  We 
chose  the  incidence  angle  implementation  because  it  has  a  physical 
interpretation,  because  Brekhovskikh  had  indicated  the  direction 
which  might  be  taken  in  its  implementation,  and  because  angle  of 

incidence  may  be  used  directly  in  forming  arguments  of  4(2)  for  in- 
2 

homogeneous  (e.g  N  -linear)  layerings. 
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Chapter  6-  Conclusions: 

It  has  been  shown  that  the  representation  of  attenuation  through 
complex  sound  speed  and  of  wavenumber  through  complex  incidence  angle 
is  a  viable  if  somewhat  cumbersome  approach  to  wave  propagation  in 
stratified  acoustic  media.  We  have  presented  algorithms  and  computed 
results  to  show  the  effect  of  body  wave  dissipation  on  the  normal 
mode  representation  of  the  propagating  field.  In  the  process  we  have 
demonstrated  quantitatively  the  order  of  magnitude  of  the  perturba¬ 
tion  of  eigenangles  and  eigenf requencies  usually,  correctly,  assumed 
to  be  second  order  when  dissipation  is  introduced  in  a  normal  mode 
problem.  We  have  discovered  that  the  principal  effect  of  attenuation 
is  to  introduce  an  imaginary  part  of  eigenangle  and  of  modal  horizon¬ 
tal  wavenumber.  Both  are  directly  proportional  to  body  wave  dissipa¬ 
tion  number. 

The  major  result  of  the  thesis  has  been  delineation  of  domains  of 
validity  for  several  asymptotic  attenuation  laws  proposed  in  the  lit¬ 
erature.  Excellent  agreement  was  found  between  the  complete  classical 
attenuation  coefficient  proposed  by  Kornhauser  and  Raney  for  the  Pek- 
eris  model  and  the  coefficient  resulting  from  a  rigorous  wave  theory 
analysis  of  the  acoustic  field  based  largely  on  the  work  of  Brekhov- 
skikh.  An  intuitive  attenuation  coefficient  developed  in  this  thesis 
was  also  found  to  agree  well  with  the  rigorous  coefficient  and  to  be 
the  asymptotic  limit  of  that  coefficient  for  high  mode  number  or  low 
grazing  angle.  We  suggest  use  of  that  the  intuitive  coefficient  for 
mode  numbers  n  ^  4  by  virtue  of  its  computational  economy.  Fair 
agreement  was  found  between  the  rigorous  coefficient  and  the  asymp¬ 
totic  coefficients  proposed  by  Kornhauser  and  Raney  and  by  Brekhov- 
skikh.  Use  of  these  coefficients,  however,  must  be  limited  to  re¬ 
gions  of  small  grazing  angle  where  modal  phase  velocity  is  within  a- 
bout  5%  of  the  water  column  sound  speed.  Poor  agreement  was  obtained 
with  our  implementation  of  the  perturbation  theory  attenuation  coef¬ 
ficient  proposed  by  Ingenito  and  Wolfe.  That  coefficient  is  insensi¬ 
tive  to  dissipation  number.  It  does  however  converge  to  the  correct 
result  at  low  grazing  angle. 
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The  ultimate  goal  of  acoustical  modelling,  through  whatever 
formulation,  will  be  cither  to  predict  the  acoustic  field  from  know¬ 
ledge  of  the  waveguide,  or  to  estimate  properties  of  the  waveguide 
from  measurements  made  on  the  field.  Normal  modes  are  particularly 
appropriate  to  the  latter  endeavor.  For  the  Pekeris  guide  we  have 
found  that  portions  of  modal  dispersion  curves  whose  phase  velocity 
Cp  lies  midway  between  water  column  sound  speed  and  bounding  half- 
space  sound  speed  are  generally  the  regions  of  greatest  character  in 
terms  of  both  variation  of  phase  velocity  with  frequency,  and  of  var¬ 
iation  of  modal  attenuation  coefficient  with  frequency.  This  is  pre¬ 
cisely  the  region  where  asymptotic  expressions  are  inapplicable.  We 
suggest  that  parameter  estimation  be  based  on  extensive  measurements 
of  the  amplitude  decay  of  the  three  or  four  lowest  order  modes  over 
wide  frequency  and  phase  velocity  ranges,  within  that  region.  Only 
in  this  manner  can  we  hope  to  estimate  parameters  ^  and  /S  in 
the  body  wave  attenuation  power  law  1^^^^  «  oc  f  .  In  the  line  of 
future  research  we  suggest  that  the  existing  mechanism  for  the  treat¬ 
ment  of  multilayer  inhomogeneous  waveguides,  contained  in  the  compu¬ 
ter  program  developed  here,  be  exercised  so  that  sensitivity  to  the 
parameter  values  of  deeper  layers  may  be  ascertained.  Given  the  time 
costly  process  of  iteration  to  solution  upon  which  this  program  is 
based,  we  also  suggest  that  a  cartesian  wavenumber  formulation  of 
the  problem  be  coded  and  efficiencies  compared. 


( 
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Table  of  Notation: 
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* 
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= 

C^'  = 
«■•  - 
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a  ‘A  u  '•J 
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velocity  potential  as  a  function  of  spatial  coordinates  and  tuse 

velocity  potential  z  dependence,  solution  to  the  Helmholtz  equation 

independent  components  of  velocity  potential 

radian  frequency -real 

frequency  in  Hertz  real 

real  sound  speed  in  layer  j 

horizontal  phase  velocity 

complex  incidence  angle  in  layer  i 

real  part  of  incidence  angle 

imaginary  part  of  incidence  angle 

real  part  of  complex  incidence  angle  at  a  given  phase  velocity  for 
which  the  imaginary  part  •  0 

real  part  of  coaqilex  incidence  angle  at  a  given  phase  velocity  at 
which  reflection  coefficient  magnitude  •!. 

re 

real  part  of  complex  incidence  angle  at  which  a  discontinuity 
is  found  under  certain  constraints  for  propagated  angle  and  reflection 
coefficient  magnitude 

grazing  angle 

incidence  angle  at  the  source 
Cartesian  coordinates 
cylindrical  coordinates 

pressure 

pressure  contributions  from  incident  (1) ,  or  reflected  (2)  waves 
in  a  layer 

density 

particle  velocity  in  z  direction 

particle  velocity  contribution  from  incident(l),  or  reflected  (2! 
waves  in  a  layer 

thicicnest  of  layer  j 

layer  thickness  of  Pekeris  modal 


210 


'--4 

S  “ 
- 

b  *  h.  ^ 

4  “4 

•l;  a.'  * 

k  '  A  "  - 
k.  = 

r  ' 

Wa  «• 
%  ■■ 
T  ^ 
X 

(tJf  .d>”-f 
T.'s.ifi  - 

©  - 

- 

24  if  - 
T  « 


C»k.  «s  * 


Notation  j. 
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wavahmbaz  in  a  layar  ■  comp  i  ex 

raal  and  inaginary  parte  of  wavenunbar  in  layer  j 

horizontal  coeponant  of  wavenuabar  in  a  layar. teal  and  imaginary  parts 

vertical  component  of  wavenuabar  in  a  layer 

vertical  component  of  wavenuabar  in  tource  layer  (Brak.) 

contour  of  integration  in  coeplax  angle  plane  Brek  formulation 

wavenuabar  in  the  ocean 

wavelength 

ray  cycle  tiaa 

ray  cycle  length  in  Bucket  treatment 

reflection  coefficient  at  interface  between  layers  i  and  i+l, 
treating  layar  i  as  a  half space,  but  including  partial  reflection 
froa  underlying  layers  (or  layer  i>l 

reflection  coefficient  looking  up  or  down  at  any  particular  level  t 
reflection  coefficient  at  interface  i,i«l  eilic 
complex  phase  of  reflection  coefficient 

real  and  imaginary  parts  of  downward  looking  reflection  coefficient  phase 
real  and  imaginary  pares  of  upward  looking  reflection  coefficient  phase 

reflection  coefficient  phase  looking  up  or  down 

reflection  coefficient  at  the  ocean  bottom  phase  part 

normal  impedance 

characteristic  ispedance 

normal  impadanca  defined  at  the  ratio  of  pressure  to  the  vertical 
coaponant  of  particle  velocity  for  the  downward  or  upward  travelling 
solution  to  the  Helmholtz  eguation. 

transmission  coefficiant 

reflection  coefficient  phase  at  bottom  and  surface  in  Sucker  formulation 
V  order  cylindrical  function 

44^ 

■Henkel  function  of  first  and  second  kind,  y  order 
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paaudo  linaar  gradlant  in  Morris  notation 

indax  of  rafraction  with  cafaranca  to  sourca  layer  sound  spaad 
argusiant  of  Bassal  function  or  Hankal  function 
indax  of  rafraction  at  top  of  N^>linoar  layer  where  z>0 
quantities  used  in  reflection  coefficient  for  N^'linear  layer 
vertical  wavaniabar 

vertical  phase  integral  in  wm  fonnilatioc 

■soda  shape 

difference  operator  in  finite  difference  evaluation 
arbitrary  function  of  complex  angle 
node  nunber 
■ode  nuinbar 

conplex  conjugate  of  iopedanca 
spacific  attenuation  factor 

elastic  energy  per  unit  volunn  change  in  energy 
intensity  of  acoustic  field 
reciprocal  absorption  length 

paraoeters  pertaining  to  properties  of  the  liquid 

bulk  nodulus 

relaxation  tiaa 

kinanatic  shear  viscosity 

real  and  inag  parts  of  is^edance 

■agnituda  and  phase  of  reflection  coefficient 

rigorous  oiodal  attenuation  coefficient  detemined  by  satisfying  ccmplex 
characteristic  equation  with  complex  incidence  angle 

attenuation  calculated  using  physical  reasoning 


attenuation  coefficiant  calculated  using  full  expression  from  Komhauser 
and  Raney 


NouClor.  4 
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a.  nodal  I;  An  isevtiocity  liquid  mui  t  i  layer  ing  constant 

densities  in  each  layer 

b.  Model  2a:  An  isovelocity  ocean  overlying  a  liquid  bottom  half- 

space  with  an  N^- linear  sound  speed  in  the  ha  If space 

c.  Model  2b:  Model  2a  with  a  sound  speed  discontinuity  pern-.ittea  at 

the  ocean  bottom 

d.  Model  3:  N^-linear  licuid  vul ti layering  with  sound  speed  discon¬ 

tinuities  permitted  at  all  layers 

e.  Model  A;  Arbitrary  continuous  sound  speed  variation  pernitted  with¬ 

in  each  layer,  a i scont inui t ies  permitted  at  the  inter¬ 
faces*  a  piecewise  WKB  approximation  because  eigenfunc¬ 
tions  are  determined  by  WKB  approximation  within  each 
layer  and  matched  at  the  discontinuities 


Figure.  1.1 


I  tmagrotion 

I  i  contour  Fj 

Figure2  So 

Onginol  comour  of  integration  In 
plone  of  complex  incidence  angle 


Figure  2.6  a 
Pole  and  branch  cut 
poeitione  for  losslese  cose 
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uniform  homogeneous 


Figure  4.1  o 

Rctroction  of  homogeneous  waves  into  a  dissipative 
halfspoce 


set 
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Rgure  4.1  b 


Figure  4.4 

Guided  wave  reflection  in  an 
inhomogeneous  layer 


Figure  4.6 

Locus  of  source  incidence  angle 
in  intuitive  fbrmuidtion 


Incidence  Angle  in  degrees 
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MOOfV.  DISPERSION-  LOCKED  AND  LEAKY  REGIONS  -  PEKERIS  GUIDE 
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PEKERIS  GUIDE  -  MODAL  ATTENUATION 
3  LOCKED  MOOES  FOR  3  WAVEGUIDES 
I  SHALLOW  ,  2  INTERMEDIATE 


WATER  COLUMN -PEKERIS  GUIDE 
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